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Abstract 

We analyze the hamiltonian quantization of Chern-Simons theory associated to 
the real group 5'L(2, C)r, universal covering of the Lorentz group 5*0(3,1). The 
algebra of observables is generated by finite dimensional spin networks drawn on 
a punctured topological surface. Our main result is a construction of a unitary 
representation of this algebra. For this purpose we use the formalism of combinato- 
rial quantization of Chern-Simons theory, i.e we quantize the algebra of polynomial 
functions on the space of flat 5'L(2, C)r— connections on a topological surface E 
with punctures. This algebra, the so called moduli algebra, is constructed along the 
lines of Fock-Rosly, Alekseev-Grosse-Schomerus, Buffenoir-Roche using only finite 
dimensional representations of ?7g(sZ(2, C)r). It is shown that this algebra admits 
a unitary representation acting on an Hilbert space which consists in wave packets 
of spin-networks associated to principal unitary representations of J7g(sZ(2, C)r). 
The representation of the moduli algebra is constructed using only Clebsch-Gordan 
decomposition of a tensor product of a finite dimensional representation with a 
principal unitary representation of ?7g(s^(2, C)h). The proof of unitarity of this 
representation is non trivial and is a consequence of properties of C/q(sZ(2, C)r) in- 
tertwiners which are studied in depth. We analyze the relationship between the 
insertion of a puncture colored with a principal representation and the presence of 
a world-line of a massive spinning particle in de Sitter space. 



I. Introduction 

In the pioneering work of |l|, it has been shown that there is an "equivalence" be- 
tween 2+1 dimensional gravity with cosmological constant A and Chern-Simons theory 
with a non compact group of the type 50(3, 1), /SO(2,l) or 5*0(2,2) (depending on 
the sign of the cosmological constant A). A good review on this subject is [|l5|. As 
a result the project of quantization of Chern-Simons theory for these groups has spin- 
offs on the program of canonical quantization of 24-1 quantum gravity. However one 
should be aware that the two theories, nor in the classical case nor in the quantum 
case, are not completely equivalent. These discrepencies arize from various reasons. 
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One of them, fully understood by Matschull |2C], is that the Chern-Simons formulation 
includes degenerate metrics, and the classical phase space of Chern-Simons is therefore 
quite different from the classical phase space of 2+1 gravity. Another one comes from 
the structure of boundary terms (horizon, observer, particles) which have to be carefully 
related in the two models. 

In this work, we study Chern-Simons formulation of 2+1 gravity in the case where the 
cosmological constant is positive i.e Chern-Simons theory on a 3-dimensional compact 
oriented manifold Af = S x M with the real non compact group 5*^(2, C)ir universal 
covering of 5*0(3, 1). This theory has been the subject of numerous studies, the main 
contributions being the work of E.Witten using geometric quantization and the 



work of Nelson-Regge |21] using representation of the algebra of observables. We will 
extend the analysis of Nelson-Regge using the so-called "combinatorial quantization of 
Chern-Simons theory" developped in H, |, |, |l|, 0]. We first give the idea of the con- 
struction when the group is compact. Let S be an oriented topological compact surface 
of genus n and let us denote by G = SU (2) and g its Lie algebra. The classical phase 
space of SU(2)-Chern Simons theory is the symplectic manifold //om(7ri(S), G)/AdG. 
The algebra of functions on this manifold is a Poisson algebra which admits a quanti- 
zation Mg(S,G), called Moduli algebra in ||2|, which is an associative algebra with an 
involution *. Note that q is taken here to be a root of unity q = e where /c G N is the 
coupling constant in the Chern-Simons action. This algebra is built in two stages. One 
first defines a quantization of the Poisson algebra F(G^") endowed with the Fock-Rosly 
Poisson structure [18|. This algebra is denoted £„ and called the graph algebra |2[. It is 
the algebra generated by the matrix elements of the 2n quantum holonomies around the 
non trivial cycles Oj, hi. Uq{g) acts on £„ by gauge transformations. The space of invari- 
ant elements Cn''^^^ is a subalgebra of Cn whose vector space basis is entirely described 
by spin networks drawn on T,. If we define Uc to be the quantum holonomy around 
the cycle C = nr=i[^«' K^^-i defines an ideal Zc of Cn''^^^ which, when modded out, 
enforces the relation Uc = 1. As a result the moduli algebra is Mq(S,G) = Cn''^^^ /Tc- 
In [P, ^ Alekseev and Schomerus have constructed its unique unitary irreducible rep- 
resentation acting on a finite dimensional Hilbert space H. This is done in two steps. 
They have shown that there exists a unique unitary representation p (*-representation) 
of the loop algebra Cn acting on a finite dimensional space Ti.. The algebra generated by 
the matrix elements of Uc is isomorphic to Uq{Q), therefore Uq{Q) acts on Ti.. p can be 
restricted to the subalgebra Cn''^^^ and acts on the subspace of invariants nPi^^^ = H. 
The ideal Ic is shown to be annihilated, as a result one obtains by this procedure a 
unitary representation of the moduli algebra. This representation can be shown to be 
unique up to equivalence. Note that this construction is however implicit in the sense 
that no explicit formulae for the action of an element of Mg(S,G) is given in a basis 
of Ti.^'n^^K In this brief exposition we have oversimplified the picture: q being a root of 
unity the formalism of weak quasi-Hopf algebras has to be used. 

We will modify this construction in order to handle the SL{2, C)]r case. The con- 
struction of the moduli algebra in this case is straightforward and is parallel to the 
construction in the compact case. One defines the graph algebra Cn, generated by the 
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matrix elements of the 2n quantum SL{2,C)^ holonomies around the non trivial cycles 
ai,bi. This is a non commutative algebra on which Uq{sl{2,C)^) acts. We have chosen 
q real, in complete agreement with the choice of the real invariant bilinear form on 
S'L(2,C)k used to represent the 2 + 1 gravity action with positive cosmological constant 
as a Chern-Simons action. One defines similarly Mg(i;, 5L(2, C)ir) = £^9(«'(2,C)k)^j^ 
which is a non commutative *-algebra, quantization of the space of functions on the mod- 
uli space of flat-5'L(2, C)k connections. Although one can generalize the first step of the 
construction of Q, i.e constructing unitary representations of £„ acting on an Hilbert 
space Tl, it is not possible to construct a unitary representation of Mq(S, 5L(2, C)]r) 
by acting on 7^'^9(*K2,C)r)^ Indeed, there is no vector (of finite norm), except 0, in the 
Hilbert space 7i which is invariant under the action of Uq{sl{2,C)^). This is a typical 
example of the fact that the volume of the gauge group is infinite (here it comes from 
the non compactness of S'L(2, C)r). To circumvent this problem we use and adapt the 
formalism of |Q] to directly construct a representation of Afg(S, 5L(2,C)ir) by acting on 
a vector space H. In a nutshell, Mq(S, SL{2, C)ir) is generated by spin network colored 
by finite dimensional representations, whereas vectors in H are integral of spin networks 
colored by principal representations of C/q(s/(2, C)]r). We give explicit formulae for the 
action of Mq{T,, SL{2, C)r) on H, we endow this space with a structure of Hilbert space 
and show that the representation is unitary. Our approach uses as central tools the 
harmonic analysis of C/q(s/(2, C)]r) and an explicit construction of Clebsch-Gordan co- 
efficients of principal representations of J7q(s^(2, C)r), which have been developped in 



nil- 



Note that Nelson and Regge have previously succeeded to construct unitary repre- 
sentation of the Moduli algebra in the case of genus one in [^] and in the genus 2 case 
in the S'L(2,R) case in [^2[. Our method works for any punctured surface of arbitrary 
genus and, despite certain technical points which have been mastered, is very natu- 
ral. It is a non trivial implementation of the concept of refined algebraic quantization 
developped in 0. 



II. Summary of the Combinatorial Quantization Formalism: 
the compact group case. 

Chern-Simons theory with gauge group G = SU (2) is defined on a 3-dimensional com- 
pact oriented manifold M by the action 

SiA) = / Tt{A AdA + -AAAAA) , (1) 
4vr Jm 3 

where the gauge field A = Afj_dx^ and Tr is the Killing form on g = su{2). In the sequel 
we will investigate the case where Chern-Simons theory has an hamiltonian formulation. 
We will therefore assume that the manifold M = E x M, where the real line can be 
thought as being the time direction and S is a compact oriented surface and we will 
write A = Aodt + Aidx^ + A2dx^. In the action (|l|) appears as a Lagrange multiplier. 
Preserving the gauge choice = enforces the first class constraint 
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Fi2{A) = diA2 - d2Ai + [Ai,A2] = 0. 



(2) 



The space ^(S, G) of G-connections on S is an infinite dimensional affine symplectic 
space with Poisson bracket: 

27r 

{A,{x) ^ Aj{y)] = —6{x - y)eijt , (3) 

where t S (8) is the Casimir tensor associated to the non-degenerate bihnear form 
Tr defined by t = X^a ® where Ta is any basis of 0,r/afe = TT{TaTb) and 

i,jG{l,2}. 

The constraint (||) generates gauge transformations 

3A = gAg-^ + dgg-^ g(^C^{T.,G) . (4) 

As a result, the classical phase space of this theory consists of the moduli space of flat 
G-bundles on the surface S modulo the gauge transformations and has been studied in 

i- 

In order that exp{iS{A)) is gauge invariant under large gauge transformations, A 
has to be an integer. 

The moduli space of flat connections M(S, G) is defined using an infinite dimensional 
version of Hamiltonian reduction, i.e M(S, Q) = {A G .4(S, G), F{A) = 0}/^ where the 
group Q is the group of gauge transformations. The quantization of this space can 
follow two paths: quantize before applying the constraints or quantize after applying 
the constraints. The approach of Nelson Regge aims at developping the latter but it 
is cumbersome. We can take advantage of the fact that M(S,G) is finite dimensional 
to replace the gauge theory on S by a lattice gauge theory on S following Fock-Rosly's 



idea |18]. This method aims at quantizing before applying the constraints but in a finite 
dimensional framework. 

This framework can be generalized to the case of a topological surface S with punc- 
tures Pi, ...,i-*p. If A is a flat connection on a punctured surface one denotes by Hx{A) 
the conjugacy class of the holonomy around a small circle centered in x. One chooses 
cji, dp conjugacy classes in G and defines M(S, G; cri, Up) = {A G AiTi, G),F{A) = 
0, Hp- (A) = Ui} /Q where the group Q is the group of gauge transformations. The sym- 
plectic structure on this space is well analyzed in [0]. 



II. 1. Fock-Rosly description of the moduli space of flat connections. 

Functions on M(S,G), also called observables, are gauge invariant functions on {^4 G 
A{T,^G),F{A) = 0}. Wilson loops are examples of observables, and are particular ex- 
amples of the following construction which associates to any spin-network an observable. 
Let us consider an oriented graph on S, this graph consists in a set of oriented edges 
(generically denoted by /) which meet at vertices (generically denoted by x). Let < be 
a choice of an order on the set of oriented edges. 
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It is convenient to introduce the notations d{l) and e{l) respectively for the departure 
point and the end point of an oriented edge /. 

A spin network associated to an oriented graph on S consists in two data: 

• a coloring of the set of oriented edges i.e each oriented edge / is associated to a 
finite dimensional module Vi of the algebra g. We denote by tt; the representation 
associated to Vi. For any / and x we define Vfj^-^ = V; if e{l) = x and Vg^^^ = C 
elsewhere, as well as ^(^x) ~ ^i* '^(^) ~ ^(Jx) ~ ^ elsewhere. 

• a coloring of the vertices i.e each vertex is associated to an intertwiner (px £ 

To each spin network M we can associate a function on M{T,,G), as follows: let 
Ui{A) = TTi{P exp JiA) , and define 

MA) = i^Mi^fUiiA)) (5) 

where we have identified Vi <^Vj* with End{Vi). 

The Poisson structure on M(S, G), can be neatly described in terms of the functions 
f_\f as first understood by Goldman |jl9|. Given two spin-networks M ,M' such that their 
associated graphs are in generic position, we have 

{fN,fU'}='^ fMiJ.M' U^f-M') , (6) 

where the graph J\f U^. J\f' is defined to be the union of M and M' with the additional 
vertex x associated to the intertwiner ^12*12 '■ V ®V' ^ V ®V (which can be viewed 
as an element of HomiV ®V' ®V* ® y'*;C)) and where the sign €x{Af;Af') = ±1 
is the index of the intersection of the two graphs at the vertex x. Quantizing directly 



this Poisson structure is too complicated (see however [21, ^). We will explain now 

Fock-Rosly's construction and the definition of the combinatorial quantization of the 

moduli space Mq{T,,G). 

Finite dimensional representations of G are classified by a positive half integer / G 

1 ^ I 

2N, and we will denote V the associated module with representation vr . 

Let S be a surface of genus n, with p punctures associated to a conjugacy class 
CTj,? = 1, of G. Fock-Rosly's idea amounts to replace the surface by an oriented fat 
graph T drawn on it and the space of connections on S by the space of holonomies on 
this fat graph. We assume that the surface is divided by the graph into plaquettes such 
that either this plaquette is contractible or contains a unique puncture. Let us denote 

the set of vertices of the graph, the set of edges and the set of faces. 

The orientation of the surface induces at each vertex x a cyclic order on the set of 
edges Lx incident to x. 

We can now introduce the space of discrete connections, which is an equivalent name 
for lattice gauge field on T. The space of discrete connections A{T) on the surface S is 
defined as 

A{T) = {U{1) eG; l€T^} (7) 
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and the group of gauge transformations acts on the discrete connections as follows: 
U{iy =g{e{l))U{l)g{d{l))-^ e G^' . (8) 

The discrete connections can be viewed as functionals of the connection A S AiY^, G) 

as U (/) =P exp ^. If / G T^, let U (/) be the conjugacy class of Hies/ ^ (0- For each 
/ E T^, we denote cr/ = 1 if / is contractible and a f = ai if f contains the puncture Pi. 
The group G'^" has a natural Lie-Poisson structure: 

{9i{x) , 92{x)} = -j[r u , 9i{x) 92{x)] , (9) 
{9i{x) , 92{y)} = Oifx^y, (10) 

where we have used the notations 

/ / J J I J 

9i{x) = g{x) (g) 1 , g2{x) =1 (g) g{x) , (11) 

and g{x) G End{V) F{G)x {F{G)x being the functions on the group at the vertex 
x), r G Q®"^ is a classical r-matrix which satisfies the classical Yang-Baxter equation and 
ri2 + r2i = ti2. 

Fock and Rosly [^] have introduced a Poisson structure on the functions on A{T) 
denoted {,}fr such that the gauge transformation map 

G^" X A{T) ^ A{T) (12) 

is a Poisson map. 

Note however that this Poisson structure is not canonical and depends on an addi- 
tional item (called in their paper a ciliation ), which is a linear order <x compatible 
with the cyclic order defined on the set of edges incident to the vertex x. 

We shall give here the Poisson structure on the space of discrete connections in the 
case where T is a triangulation: 



U2{1')) , if e(0 = e{l') = xandl <^ I' (13) 
U2{1) + Ui{l) U2{1) 'r2i) , (14) 

(15) 

the other relations can be deduced from the previous ones using the relation U {—l)U{l) = 
1. 

The moduli space can be described as: M(S, G, cti, cip) = {^(T),C/(/) = ctj,/ G 
r2}/G^°. The major result of ||l^ is that the Poisson structure descends to 

this quotient, is not degenerate, independent of the choice of the fat graph and on the 



{Ui{l) , U2{1')}fr 
{Ui{l) , U2{1)]fr 

{Ul{l) , U2il')}FR 



27: .IJ I ,,, 
= -jiruUiil) 

271 ,IJ I 

= -jiruUiil) 

= i/ / nr = , 
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ciliation and is the Poisson structure associated to the canonical symplectic structure 
on M(S, G; ai, Up). 

A quantization of Fock-Rosly Poisson bracket has been analyzed in [0, H, 10 1. In or- 



der to give a sketch of this construction we will first recall standard results on quantum 
groups. 



II. 2. Basic notions on quantum groups. 

Basic definitions and properties of the quantum envelopping algebra Uq{Q) where g = 
su{2) are recalled in the appendix A.l. Uq{Q) is a quasi-triangular ribbon Hopf-algebra 
with counit e : Uq{Q) — > C, coproduct A : Uq{Q) — > Uq{Q)®'^ and antipode S : 
Uq{Q) — > Uq{g). For a review on quantum groups, see [l^]. The universal R-matrix 
R is an element of C/g(0)®^ denoted hy R = Yli^i ® Vi = R^~^^ ■ It is also convenient 
to introduce R' = YliVi ® ^* ^'^d = R'~^. Let u = Yli^iVi) uS{u) is in 

the center of Uq{Q) and there exists a central element v (the ribbon element) such that 
v"^ = uS{u). We will define the group-like element ^ = q'^'^^ . 

Finite dimensional irreducible representations tt of Uq{Q) are labelled by / S and 

I I J 

let us define V the associated module. The tensor product vr vr of two representations 

is decomposed into irreducible representations vr 



^ ^= ^ Nj/ ^ , (16) 

K 



where the integers A'^^'' G {0, 1} are the multiplicities. For any representations vr, vr, vr, 

K T T I J K 

we define the Clebsch-Gordan maps "^fj (resp. $x ) as a basis of Homu^f^^'^{V V, V) 

K I J 

(resp. Homu^f^^^(y ,V V))- These basis can always be chosen such that: 

Nj/^fj^'K'= SkidK , Y.'^K'^u = id, J. (17) 

V '-rr v®v 

K 

For any finite dimensional representation /, we will define the quantum trace of an 

II I 
element M £ End{V) as trq{M) = tr M). The element c/ = trq{{n ®id){RR')) 

is a central element of Uq{Q). For any finite dimensional representation / and for any 
irreducible module V associated to the representation vr (not necessarily of finite di- 
mension), we will denote by 'dj-,^ the complex number defined by vr(c/) = 'di-j^idy. For 

= sn(2), -iJ/j = -d = ^'' [ 2j+i ][ 2j+i/^ where I, J £ label irreducible representations 

of Uq{su{2)) and quantum numbers [x] is defined in the appendix. 

/ I I I . 

Let us denote by {ej| i = 1 • • • dim V} a particular basis of V and {e* \ i = 
I 

1 • • • dim V} its dual basis. By duality, the space Polq{G) of polynomials on the quantum 
group inherits a structure of Hopf-algebra. It is generated as a vector space by the 
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coefficients of the representations vr, which will be denoted by ff^ = ( | vr (.) \ef, 

To simplify the notations, we define 9 = Ylab -^a® ^ End{V) Polq{G) where 

the elements {Ea\a,b is the canonical basis of End{V)- By a direct application of the 
definitions, we have the fusion relations 



9i92= Y.^\i 9 ^fj , (18) 
K 



IJ I J J I IJ IJ I J 

which imply the exchange relations R12 9i 92 = 92 9i R12 , where Ri2= (tt t^){R) G 

/ J 
End{V) ®End{V). 

The coproduct is 

A(i) = Y.k®k- (19) 



Up to this point, it is possible to give a presentation, of FRT type, of the defining 
relations of Uq{Q). Let us introduce, for each representation /, the element L^^^ G 
End{V) (g) Uq{Q) defined by l!''^^ = (^ ®id){R^'^^). The duality bracket is given by 



LiW,i )='4? • (20) 
These matrices satisfy the relations: 



U^) = Y^^'ji L^^fj , (21) 



K 



Ru^^^ Li(+) L2^^^ = L2^-^ i?i2(^) , (22) 

A(i^^^ = E L^^^l ® L^^^c ■ (23) 

c 

The first fusion equation implies the exchange relations 

Ri2Li^^^ L2^^^ =L2^^^ Li^^^ R12 . (24) 

II. 3. Combinatorial Quantization of the moduli space of flat connec- 
tions. 

We are now ready to define a quantization of the space of flat connections along the 
lines of Q. Because this construction can be shown to be independent of the choice of 
ciliated fat graph, we will choose a specific graph, called standard graph, which is shown 
in figure ||. 

This graph consists in one vertex x , p + 1 2-cells and 2n + p 1-cells. The 2n -\- p 
1-cells are given with the orientation and the order < of the picture. 
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M{n+1) 



B{2) 
A{2) 




M{n + p) 



Figure 1: Standard Graph. 

The space of discrete connections on this graph consists in the holonomies {M[j) \ 
J = n + 1, • • • , n + around the punctures and the holonomies {A{i), \ i = 

1, • • • , n} around the handles. We can choose the associated curves in such a way that 
they have the same base point x on the surface. 

We associate to this graph T a quantization of the Fock-Rosly Poisson structure on 
the space of discrete connections on T as follows: 

Definition 1 (Alekseev-Grosse-Schomerus) |^ The graph algebra Cn,p is an associative 

I I I 

algebra generated by the matrix elements of {A{i))i=i,--- ,n, {B{i))i=i,..- ,n, {M{i))i 

/ 

G End{V) ® Cn,p and satisfying the relations: 



I J ^■^ 

Ui{i) R'U2{i) R'^'^ 



K 



^'^K U{i)'^u (Loop Equation) \/ i, 



K 



IJ I 



IJ 



IJ I 



IJ 



RUi{i) R~^ U2{j) = U2{j) RUi{i) R'^ ^ i < j, 

I J I I J, J J IJ I IJ , 

RAi{i) R' B2{i) = B2{i) R Ai{i) R'^ Vi, 



(25) 

(26) 
(27) 



where U{i) is indifferently A(i), B(i) or M{i). The relations are chosen in such a way 
that the co- action 5: 



n,p 



r 

'~'n,p 



mi 



am S{9))1 



(28) 



c,d 



is a morphism of algebra. 
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This last property is the quantum version of the fact that the map (|28| ) is a Poisson 
map. Equivalently the coaction 5 provides a right action of Uq{Q) on Cn,p as follows: 

Va,6 G £„,p,Ve G Uqio), {abf = a^Wb^^m , (29) 

U{^^=hi(i))U{^hs{ii2))l (30) 
where U{i) is indifferently A{i),B{i) or M{i). 

I I 
Let us notice that, from (|25D, U{i) admits an inverse matrix [7(f) , see ]2|, \lu^ . 

The space of gauge invariant elements is the subspace of coinvariant elements of 
i.e = {a E Cn,p-, S{a) = l^a}. This is an algebra because 5 is a morphism of algebra. 

In we still have to divide out by the flatness condition, i.e the quantum version of 
the fact that the holonomies on contractible curves are trivial and that around punctures 
they belong to a fixed conjugacy class. Let us define 

C = G{1) ■ ■ ■ G{n)- M{n + I) ■ ■ ■ M{n + p) (31) 

where G{i) = vj A{i) B{i) A{i) B{i). The elements C satisfy the loop equation 

(p5[). We will denote by C the subalgebra of Cn,p generated by the matrix elements of 
/ I I 

C,y I- It can be shown that trq{G) and trq{M = n + l,...,n +p are central 

elements of the algebra ^C^™. 

We would like first to divide out by the relation C= 1. 

An annoying fact is that the matrix elements of C — 1 do not belong to C^n,p- ^ 
result in order to divide out by this relation we have to slightly modify the picture. 

Let / be a finite dimensional representation of Uq{g) and let J} C Cn,p End{V) 
such that X eJiii and only if X = Ea^b^h ® with 6{X^) = Ea',b' C^b' S{gt')- 

For any Y £ Jj we define the invariant element < Y{C -1) >= J2a b ^ (C b~ ^b)- 

I 

Let Xc be the ideal of C"^!^ generated by the elements < Y{C — 1) > where / is any 
finite dimensional representation of Uq{Q) and Y is any element of J}. 

Definition 2 We define Tlq{T,,G,p) to be the algebra C^^p/Xc- When there is no 
puncture this is the Moduli algebra of and we will write in this case Mq{Y,,G) = 

mq{j:,G,p = o). 

In the case of punctures a quantization of the coadjoint orbits is necessary. This is 
also completely consistent with quantization of Chern-Simons theory, where punctures 
are associated to vertical lines colored by representations of the group G. 

Definition 3 Let vri, vTp be the representations associated to the vertical lines coloring 
the punctures. We can define, following the moduli algebra Mg(E, G, vri, • • • , vrp) = 

mq{J:,G,p)/{trq{M (n + i)) =^j^^,i = l,...,p,V/}. 
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In order to introduce a generating family of gauge invariant elements we have to 
define the notion of quantum spin-network. The definition of this object is the same as 
in the classical case except that the coloring of the edges are representations of Uq^g) and 
that the coloring of the vertices are C/q(0)-intertwiners. To each quantum spin-network 
one associates an element of Mq(S, G) by the same equation as (^), the order < is now 
essential because it orders non commutative holonomies in the tensor product. 

In the following proposition, we will construct an explicit basis of the vector space 
£™p labelled by quantum spin networks. This will provide, after moding out by the 
relations defining the moduli algebra, a generating family of this algebra. 

We will need the following notations: if L = and L' = {L[, L'^) are 

sequences, we denote LL' to be the sequence (Li, Lr, L[, L'^). If L is a sequence 
we denote L<j = (Li, Lj_i). If L = (Li,...,Lr) is a finite sequence of irreducible 

representations of Ug{Q) we denote V{L) = 0^=1 V and we will denote 

^(±) ^ _^ (±) ... ^ (±) _ 

For W an irreducible representation of Uq{Q) and S = {S3, • • • , Sr) a (r — 2)-uplet 
of irreducible representations of Uq{Q), we define the intertwiners: 

w 

*^^(5)GFomc/,(g)(y(L),y)by 

^YiS) = ^sZ---^s%s'^L'X (32) 
and $fy(5') G i/om[/^(g)(y, y(L)) defined by 

<!. V iS) = ^'t' ■ ■ ■ ^'l^^ . (33) 



Definition 4 We will define a "palette" as being a family P = (I, J, N; K, L, U, T, W) 
where I,J,K,L (resp. N) (resp. U,T) are n-uplets (resp.p-uplets) (resp. n + p — 2- 
uplets ) of irreducible finite dimensional representations ofUq{Q) andW is an irreducible 
finite dimensional representations of Uq{Q). Any palette P defines a unique quantum 
spin-network Mp associated to the standard graph, precisely: {I, J, N) is coloring of 
the non contractible cycles A{i), B{i), M{n + i) and {K, L,U,T,W) is associated to the 
intertwiner jYj^{KU) (^^y^ {LT) coloring the vertex of this spin-network. 

Li K, 

We first define, for i = 1, ..,n , 6{i) G Cn,p 03 Hom{V, V) by: 

T Ji^i T T T 

9{i) = ^j%B{i) R' Aii) R^-^^'i!:- 
We can now associate to /, J, -fC, L the element O h {K,L) G Cn p^Hom{V{L),V{K)) 

by 
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VW(if,L) = n( i?^^^ (34) 



We associate to AT the element of Cn,p ® Hom{V{N), V{N)) 

4^^ = IK R^^^M{n + j)). (35) 
We can introduce the elements of jCn,p <^ Hom{V{LN),V{KN)) 

jjpr J J p NjL n+p (LAf),(LA')<j 

^^S(^,i^) = ^l^Hi^,i^)(n^^^M2(^Hn ^^^^ (36) 



Proposition 1 Let P be a palette labelling a quantum spin network Mp associated to 
the standard graph. We will define an element of Cn,p 

P 1)^^"^ I J N 

= ^7fT7^^^.(*K'^^(t^) g(if,L)$^^(r)) (37) 

where we have defined = ■ ■ ■ . 

The elements On,p are gauge invariant elements and if e ^ {+>"} ^-^ fixed the nonzero 
elements of the family On]p is a basis of Cnjp^^ when P runs over all the palettes. 

Proof: It is a simple consequence of 

Si'n'^r^iiK,L)) = g{KN)''if^^iiK,L)SigiLN))) (38) 

Li Lp 

where g{L) = 9 i ■ ■ ■ 9 p and that trq{) is invariant under the adjoint action. □ 
Remarks. 

P P (_) 

1. The family On.p can be linearly expressed in term of the family OnJ, and 

the coefficients of these linear transformations can be exactly computed in terms of 6j 
coefficients. 

2. The particular normalization of these families has been chosen in order to simplify 
the action of the star on these elements (see next section). 

We will denote also by the same notation the image of On,p in the quantum moduli 
space Mq(S, G, TTi, •• • ,Trp). 
Example. 
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In the case where the surface is a torus with no puncture (n = 1 and p = 0), the 
spin-networks are labehed by the colors IJ of the two non-contractible cycles and the 
choice of the intertwiner is fixed by a finite dimensional representation W. As a result 
the vector space of gauge invariant functions Cf^Q is linearly generated by the following 
observables: 

IJW 1)^^'^ J I JI 

^ 1.0 = -n^tT,{^.n BR' A R^-^ <^'{v) , (39) 
v/ vj 

for all finite dimensional representations IJW. The Moduli algebra is generated as an 
algebra by the Wilson loops around the handles in the fundamental representation, i.e. 

Wa = trg{A) ,Wb = trq{B) where I = -. (40) 
II. 4 Alekseev's Isomorphisms Theorem 

The construction of the representation theory of Cn,p uses Alekseev's method [Q, ^, we 
first build representations of £o,p (the multi-loop algebra) , then we build representations 
of £„.o (the multi-handle algebra) and we use these results to build representations of 
the graph algebra Cn,p- 

Lemma 1 The algebra Co^p is isomorphic to the algebra Uq{Q)'^'^. 

I 

The algebra C^^p is generated by the matrix elements of M{i), i = l,-.-,p, and the 

algebra Uq{Q)®P is generated by the matrix elements of L{j)^^\ j = l,...,p, where the 
label j denotes one of the p copies of Uq{Q). An explicit isomorphism in term of these 
generators can be constructed as follows: 

Co,p ^ End{V) C/q(s)®P End{V) 

Mil) ^ ki) ^(^) ki)~^ , (41) 



where we have defined 

m{i) = L{i)^-^-^ , m = m^-^ ■ ■ ■ hi - 1)^-^ . (42) 



Proof: See g □ 

As an immediate consequence, the representations of the loop algebra £o,p are those 
of Uq{Q)^P. A basis of the irreducible finite dimensional module labelled by J is denoted 
J J 

as usual by (ej| i = -dim^V))- The action of the generators on this basis is given 
by; 

Prom this relation and the explicit isomorphism of the lemma 1, it is easy to find 

h h 

out explicit expressions for the representations of £o,p on the module V ® • • • V ■ In 
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I h Ip 

particular, the action of M(i) on the basis e • • • e is given in term of product 

of R-matrices. 

The previous theorem can be modified in order to apply to the algebra Cn,o- However, 
this algebra can not be represented as a direct product of several copies of Uq{Q). An 
easy way to understand this point is to consider, for example, the center of each algebras. 

The loop algebra £0,1 admits a subalgebra generated by the W{i) = trq{M{i)) which 
are central elements. One can show that the center of the handle algebra Ci^ is trivial 
[Q, ^. To understand the representations of Cnfi, we therefore have to introduce one 
more object: the Heisenberg double. 

Definition 5 Let A he a Hopf algebra (typically Uq{Q) ) and A* its dual. The Heisenberg 
double is an algebra defined as a vector space by 

H{A) = A®A* ; 

the algebra law is defined by the following algebra morphisms 

A ^ H{A) ; A*^H{A) 
XI— f ^ ^ ® f 

and the exchange relations 

Xf = =X®/= ^ (x(i),/(2)> (1®/(1))(X(2) 01) , (44) 

where we have used Sweedler notation A(x) = J2{x) ^(i) ^ ^(2)- 

In the case where A = Uq{Q), the Heisenberg double may be seen as a quantization 
of Fun{T*G). So, we can interpret the elements of A* as functions and those of A as 
derivations. 

Proposition 2 H{A) admits a unique irreducible representation H realized in the mod- 
ule A* as follows: 

n : H{A) — > End{A*), 

A* B f ^ rrif / mf{g) = fg ,yg e A* 

A3 X ^ Vx / Vxig) = 5(1) {x,9{2)) e A*. 



In the case where A = Uq{g), H{A) is generated as a vector space by L \^ L 5'; 



and the exchange relations ( [44) ) take the simple form: 

iS^) 92 = k '4? ■ (45) 
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In order to understand the relation between the multi-handle algebra and the Heisen- 



berg double H(Uq{Q)), it is convenient to introduce left derivations L G End{V) 

L= vji h = LM , (46) 

where the last formula corresponds to the Gauss decomposition. As usual, left and right 
derivations commute with each other 

k^ii^^ =^^4^) ,v(e, -} , (47) 

and realize two independent embeddings of Uq{Q) in H(Uq{Q)). From the relations of 
the Heisenberg double, it is easy to show the following relations: 

K 

R^Sk'k' = k'k'R'^, (49) 



i?S? ZS±) 'a, = k 1^^' . (50) 



The action of the elements L\ ,Li ,9 through representation 11 are expressed as: 



£w > g2 = ii?S? ,^1^^ > i = i?S?-^ 92 , (51) 

I J I J r J K J. , ^ 

9i t> 92=9i92=2^^K 9 ^IJ- (52) 
K 

The following lemma, due to Alekseev describes the structure of Cnfl '■ 
Lemma 2 The algebra Cnfl is isomorphic to the algebra H{Uq{Q))®'^ . 

Cnfl <S) End{V) H{Uq{Q))®'' End{V) 

A{i) ^ hii) k{i) k^y^ 

where we have defined 

= L(i)(+) 5(i) L(i)(-)-^ , iii) = i(i)W i(i)(-)-^ , (53) 
ki) = (i(l)WL(l)(-))---(i(i-l)(-)L(^-l)(-)) . (54) 



15 



Remark: this lemma can be used to build representations of the the multi-handle 
algebra >Cn,o- The two monodromies A and B act on the vector space Fq{G) as follows: 

I J I K K ^"^ I J J IJ 

Ai>92= Yl 9 Vi ^-fj R'i2 , Bi> 92 = 92 R12 R'12 , (55) 

i,K 

where R = X^jXj (81 yi- In the case of the multi-handle algebra, the action of the mon- 
odromies is given in term of product of R-matrices with Clebsh-Gordan maps. 

The following lemma shows that the graph algebra Cn.p is isomorphic to Cnfl <8> >Co,p. 
As a result, from the previous theorems, representations of the graph algebra Cn,p is 
constructed from the representations of the multi-loop algebra and the multi-handle 
algebra. 

Lemma 3 The algebra Cn.p is isomorphic to the algebra H{Uq{Q))'^^ ® Uq{Q)^P, the 
isomorphism is given by 

Cn,p (S) End{V) //(C/,(0))®" ® UqiQf'P ® End{V) 

A{i) ^ ki) il{i) k{i)~^ 
I III-, 
B{i) ^ ^(i) 53 (i) Riiy^ , 

I ^ ^ _i 

M{n + i) ^ R{n + i) m{n + i) ^{n + i) 

where we have defined 

= L{i)^+^ ki) Lii)^-^-^ , fe=L(i)W , (56) 

m{n + i) = L(n-hi)(+) i(n-Fi)(")~^ , (57) 

A(i) = ki) , kn + i) =kn + 1) ki) , (58) 
I I 

where S){i) and ^{i) have already been introduced. 
I 

Let C as defined by (plD, it can easily be shown that: 

C=C C ^"^"^ with (59) 
I "7 ^ P I 

C (±) = n i (±) (j) L (±) {j)llL^^Hn + k). (60) 
j=i k=i 

From the relations (|25| ) satisfied by C, one obtains that the algebra C is isomorphic to 
£0,1 and hence to Uq^g). Let us denote by i : f/q(g) ^ C the isomorphism of algebra 
defined by 

^(£ (±M)=(7 
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An important property is that the adjoint action of C on the graph algebra is equivalent 
to the action of Uq{Q), namely we have: 



i(e(i))ai(5(e(2))) = a^ Vae£n,p,VeGC/g(0). (61) 
This last property follows easily from the relation 

C U. (^) C i^)-^ =4? U. (.) 4? 

where U{i) is indifferently A{i) , B (i) , M (i) . Note that the classical property that the 
constraint (|2|) generates gauge transformation is turned into (61) after quantization. 



Finally, the representation theory of the graph-algebra Cn,p is obtained from those 
of the quantum group t/g(0) and the Heisenberg double H{Ug{Q)). If / = (7i, ■■.,Ip) are 

h h 

irreducible C/g(0)-modules, 'Hn,p[I] = Fq{G)®^® V ® ■ ■ ■ ® V are irreducible modules of 
Cn,p defing the representation denoted pn,p[I]- 

TLn^pil] is also a ?7q(g)-module associated to the representation Pn,p[I] oi As a result 
the subset of invariant elements is the vector space = {f G TLn,p[I], 

{C W - 1) > u = 0}. 

Proposition 3 (Alekseev) The representation Pn,p[I] of Cn,p restricted to C^^p ^ea?;es 
'H„^p[/]^''(0) invariant. As a result one obtains a representation of acting on 

'Hn,p[I]^''^^^ = Hn^p[I]. This representation annihilates the ideal therefore one ob- 
tains a representation of ^)ytq{T,,G,p). Moreover Pn,p[I] annihilates the ideals generated 

J ' 
by the relations trq{M {n + i)) = t?j7rj,i = 1, ■■■■,p, where Hi =7r. As a result Pn,p[I] de- 
scends to the quotient, defines a representation denoted pn,p{I\, o/ Mq(S, G; vri, vTp). 

This proposition is a direct consequence of the above constructions and the fact that 

trq{M (n + i)) is represented by trq{{-n- (^id) {RR')). 

To complete the construction of combinatorial quantization, the space of states 
Hn^p[I] has to be endowed with a structure of Hilbert space and the algebra of ob- 
servables Mg(S, G; tti, TTp) has to be endowed with a star structure such that the 
representation Pn,p[I] is unitary. 

In the case of Chern-Simons theory with G = SU{2), this last step of the construc- 
tion has been fully studied in |2|, |3|, . We refer to these works for full details but let us 
put the emphasis on the following points: 

- g is a root of unit which admits the following classical expansion (large A expansion) 

g = 1 + ^^ + 0(1); 

- Uq{su{2)) is endowed with a structure of star weak-quasi Hopf: truncation on the spec- 
trum of finite dimensional unitary irreducible representations holds and the representa- 
tions Pn,p[I] is the unique finite dimensional irreducible representation of Mg(S, G; tti , vr^). 

In the next section we will modify the previous constructions and apply them to the 
case of the group S'L(2, C)k. 
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Ill Combinatorial Quantization in the 5'L(2,C)k case. 



III.l. Chern-Simons theory with S'L(2,C)m group. 

Let G = SU{2), we will denote by G*^ = SL{2,C) the complex group and by S'L(2,C)]r 
the realification of SL{2,C). The real Lie algebra of 5L(2,C)k denoted s/(2,C)]r can 
equivalently be described by a star structure on its complexification (sZ(2, C)r)'^ = 
sl{2,C) e s/(2,C). 

Chern-Simons theory with gauge group SL(2, C)ir is defined on a 3-dimensional 
compact oriented manifold M by the action 

S{A) = ^ [ Tr(A AdA + -AAAAA) + ^ [ Tr(A AdA + -AAAAA) , (62) 
4vr Jm 3 47r 3 

where the gauge field A = A^j^dx'^ is a ,5/(2, C) 1-form on A/ and Tr is the Killing form 
on s/(2,C). 

Following [p9|], we can always write X = k + is, with s real and k integer in order that 
exp(iS{A)) is invariant under large gauge transformation. 

In this paper we will choose the case A; = which is selected when one expresses the 
action of 2 + 1 pure gravity with positive cosmological constant as a SL{2, C)m. Chern 
Simons action |28|. 

We shall apply the program of combinatorial quantization in this case. From the 
expression of the Poisson structure on the space of flat connections, it is easy to see 
that q has to satisfy q = l + ^ + o(^) when s is large. As a result we will develop 
the combinatorial quantization construction using the Hopf algebra C/q(s/(2, C)m) with 
q real. 

An introduction to the notion of complexification and realification in the Hopf alge- 
bra context can be found in the chapter 2 of IT! 



III. 2. Combinatorial Quantization Formahsm in the SL(2, C)m. case: the 
algebraic structures. 

In this part we describe the modifications that have to be made to construct all the 
algebraic structures of the combinatorial quantization formalism in the SL{2, C)^ case. 

In Fock-Rosly construction, we first change G to SL{2,C)m.- The Lie algebra g is 
changed into sl{2,C)^ which is equivalent to the Lie algebra s/(2,C) © sZ(2,C) with 
star structure * defined by (a © 6)* = —{b © a). Let f be the star structure on sl{2, C) 
selecting the compact form, — f identifies sl{2,C) and s/(2,C) as C-Lie algebras. As a 
result we can equivalently describe sl{2, C)k as being the Lie algebra sl{2, C) © sl{2, C) 

with star structure (a© 6)* = (6^ © a'^). We will denote by vr for I G the irreducible 
representations of dimension 2/+ 1 of su{2) which are also f representations of sl{2, C), 
and let Ca be an orthonormal basis of this module. The contragredient representation of 

TT, denoted tt is equivalent to the conjugate representation because it is a f representation. 
In the ■sm(2) case it is moreover equivalent to the representation vr through the intertwiner 

W: 'k=Wt^W where W 1 = {-IY~''5%. 
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Finite dimensional irreducible representations of s/(2,C)]8 are labelled by a couple 

I f r 

I = {P,r) of positive half integers and we wih denote by Y=V V the sl{2, C)©s/(2, C) 

I r 

module labelled by the couple / = {I ,F) associated to the representation n=vr (gi vr . 
These representations, except the trivial one, are not ^-representations. 



Prom the action (62) the Poisson bracket on the space of sl{2, C)©s/(2, C)-connections 
is expressed by 

= _J(x-y)e,/ (63) 

{yl[(x) « A5(y)} = -^6{x - y)e,,f^ (64) 
{^(x) ? A,^(y)} = (65) 

where (resp. f'' )is the embedding of t in the I (E> I (resp. r r) component of 
(s/(2,C) © s/(2,C))®2. Note that we have A{{x)^ = -^^(x) and ttt = t. 

The spin-networks are defined analogously by replacing finite dimensional represen- 
tations of by finite dimensional representations of sl{2, C) © sl{2, C). 

/ ,11 

Por any representation n of sl{2, C) © sl{2, C) with I = {I,r), we define GG End(V 

) © Pol(SL(2, C)]r) the matrix of coordinate functions on 5L(2,C)]r. We have 

W ^ =^'6 = {iW © W) ^'g ^ iW -'© -^))t''b- (66) 

We denote the holonomy of the sl{2,C) © sl{2,C) connection in the representation n 
I 

by U (0) they satisfy the same relation 

KS' * = {iW<E) W) ^^U ^ iW ~^© W '^))b'S. (67) 

We can define a Pock-Rosly structure on them, the Poisson bracket is the same as 
( |l3| , |l4| , ^ ) where the classical r matrix of su(2) has been replaced by the r matrix of 
sZ(2,C)ir: r,;(2,c)R = - ^21- 

We refer the reader to the article ([0,|l^) for a thorough study of the quantum group 
Uq{sl{2, C)]r), see also the appendix (A.l) where basic definitions as well as fundamental 
results on harmonic analysis are described. It is important to stress that Uq{sl(2,C)M.) 
admits two equivalent definitions. 

The first one is C/g(s/(2, C)ir) = Ug{sl{2,C)) © Ug{sl{2,C)) as an algebra with a 
suitable structure of coalgebra and * structure. 

The second one, suitable for the study of harmonic analysis, is Uq{sl(2,C)R) = 
D(Uq{su{2))), the quantum double of Uq{su{2)), which is the quantum analog of Iwa- 
sawa decomposition. 

Uq{sl{2, C)]r) is a quasi-triangular ribbon Hopf algebra endowed with a star structure 
(see appendix A.l). Pinite dimensional representations of C/g(s/(2, C)]r) are labelled by 
a couple / = {I\F) G (^Z"*")^ = Si;'. The explicit description of these representations 
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is contained in the appendix A.l. The decomposition of the tensor product of these 
representations, and the exphcit form of the Clebsch-Gordan maps, are described in the 

appendix A. 2. For any finite dimensional irreducible representation n, we will define V 

the associated module. Let us denote by {ej (/), i = — A, • • • , A, A = \P — ■ ■ ■ ,P + 

A ■ 

I^} an orthonormal basis of this vector space, and {e*(/)} the dual basis. The algebra 
Pol{SLg{2,C)^) of polynomials on SLg{2,C)^ is generated by the matrix elements of 

the representations = ( ^ "(/)| 11 (•)! e As in the previous section, let us 

introduce for each representation / the elements L^^^^ G Endiy) Uq{sl{2,C)^) 

defined by L^^^^ = (n (8)id) (M(=^) ) where M is the C/g(sZ(2, C)r) R-matrix arising from 
the construction of the quantum double. Thanks to the factorisation theorem, i.e. 



Uq{sl{2,C)n) = Uq{sl{2)) Uq{sl{2)) as a Hopf algebra m, y], M is expressed in 

term of Uq{sl{2)) R-matrices as R(=^) = b!]1^ R^^^ R^^^ It is therefore easy to obtain 
the ribbon elements of C/q(s/(2, C)]r) from those of Uq{sl{2)): 

, I r 

VI = vji Vjr , ^ = ^ At . (68) 

Let us now study the properties of the star structure on [/g(sZ(2, C)]r) and, by duality, 
on Pol{SLq{2,C)^). In the case of C/g(s/(2, C)]r), the star structure, recalled in the 
appendix, is an antilinear involutive antimorphism satisfying in addition the condition 

y aeUq{sl{2,C)R), (*®*)A(a) = A{a*) . (69) 

It is easy to show the following relation between the antipode and the ★ : 

So^ = *o5-i . (70) 

The universal R-matrix of [/g(sZ(2, C)ir) satisfies M**^* = which is compatible with 
( |69D and is a key property in order to build a star structure on the graph algebra asso- 
ciated to Uq{sl{2,C)M.)- 

By duality, Pol(SLq{2,C)R) is endowed with a star structure using the following 
definition: 



a* (a) = a(5-ia*) V(a,a) G Po/(5Lg(2, C)m) x C/,(s/(2, C)m) . (71) 

Let / = {l\V) G Si? labelling a finite-dimensional representation of C/g(s/(2, C)k) and 

let us define by / = (/'' , /' ) . The following properties of the action of the ★ and of 

the complex conjugation are proved in the appendix A. 3. The explicit action of the * 

I 

involution on the generators of Pol{SLq{2,C)^) is: 

G* = WGW~^ (72) 
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where we have defined W^t —Wm — ^^'"^ ^ A^'^ ^b- duahty, the action of ★ 

on the generators iS^'^Bb °f Uq{sl{2,C)M.) is: 

i(±) - =w L^^) W-^ . (73) 
We endow the graph-algebra with the following star structure: 

Proposition 4 The graph-algebra Cn,p is endowed with a star structure defined on the 

III ' I 

generators A{i), M{i), M(i) (denoted generically U(^)), hy 

= ^vj^ W S-^{xj) {]{{) Vjlw'^ , (74) 
j 

where M = Xj ® yj . This star structure is an involutive antilinear automorphism 
which in the classical limit gives hack the star properties ( fg^ j on the holonomies. The 
definition of this star structure is chosen in order that the coaction 6 is a star morphism. 

Proof: We just have to prove that it is an involution and that it is compatible with 
the defining relations of the graph algebra. These two properties are straightforward to 
verify. □ 

The star structure on the graph algebra induces a star structure on the algebra C^n,p- 
The action of this star structure on the generating family labelled by spin-network is 
described in the following proposition: 

Proposition 5 The action of the star structure on C^^v satisfies: 



= oS (75) 



where P is the spin network deduced from P by turning all the colors I of P into L 

Proof: This follows from the action of the star on the monodromies, the commutation re- 
lations of the monodromies and the properties with respect to the complex conjugation. 
□ 

mq{J:,SL{2,C)R,p) is the algebra defined by TlqiT., SL{2,C)r,p) = Cn,p/Tc- Let n 
be an irreducible unitary representation of C/g(sZ(2, C)]r), labelled by the couple a G Sp 
we can still define the complex numbers where / S Sf. The explicit formula, which 
is proved in the appendix A. 3, for is 

_ [(2/' + l)(2a' + l)] [(2r + l)(2a'' + l)] 

[2a' + 1] [2a- + 1] " ^ ' 

Let n, n be irreducible unitary representations of Uq{sl{2, C)k) attached to the punc- 
tures of S, the moduli space Mq($], 5'L(2, C)k; ai, Op) is defined by: 

M,(S, 5L(2, C)r; ai, ap) = Tlgi^, G,p)/{trq(M (n + i)) = ^i^^.i = 1, V/ E §p}. 

(77) 
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Proposition 6 The star structure on the graph algebra defines a natural star structure 
on the algebras Tlq{T,, SL{2,C)r,p) anrf Mg(S, 5L(2, C)k; ai, Op). 

Proof: This is a simple consequence of the fact that 'dja = for q G §p and I £ Ep- 

□ 

The Heisenberg double of Uq{sl{2, C)r) is defined by H{Ug{sl{2, C)r) = Uq{sl{2, C)i;)0 
Pol{SLg{2, Ch)- 

In order to build unitary representations of the graph algebra and the moduli algebra 
in the next chapter we have to study the properties of Alekseev isomorphism with 
respect to the star structure. The already defined star structures on C7q(sZ(2, C)ir) and 
Pol{SLq{2, C)ir) naturally extend to a star structure on H{Ug{sl{2, C)]r), and therefore 
to H{Uq{sl{2, C)m)®- O Ug{sl{2, C)^P. 

Proposition 7 The Alekseev isomorphism defined in lemma ^ 

Cn,p ^ H{Uq{sl{2, C)m))®" Ug{sl{2, ChfP 

is a star-isomorphism. 

Proof: Using the star structure on iJ(?7q(s/(2, C)m))®" (g) C/y(s/(2, C)m)®p, we first 
show that: 

i{^* = Y.vj' W S-\ij) VjliW-^ . (78) 

j 

In order to prove this, we introduce the permutation P12 and we have 



Wl tr2{Pl2 U ' U ' 1^2 ) W 

Wl tr2{Pi2 S-\xj2) L^' RLl ' ^ii ) l^i Wi 



I 

Then, it is easy to compute that the star acts on ^{i) and on its inverse as: 

kif = W{i) ki) W{ir^ , ki)~^* = W{i) I ki)'^ I W{i)-'^ ■ (79) 
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Finally, from the previous relations, we have 



I , i -,/ // / / A///-, 



As a result, we have shown that the property holds true for the monodromies M(i). The 
other cases are proved along the same lines. □ 

III. Unitary Representations of the Moduli Algebra in the 
SL{2, C)]R case. 

III.l Unitary representation of the graph algebra. 

The reader is invited to read the appendix A.l where the basic results on harmonic 
analysis are recalled. 

Proposition 8 H(Uq{sl{2,C)M.)) admits a unitary representation acting on the space 
FuncciSLq{2,C)M.) endowed with the hermitian form ( \183^ and constructed as: 



H{Ugisl{2,C)R)) EndiFun,,{SLg{2,C)R)), 
Po/(5L,(2,C)m) 9 / ^ nif / mf{g) = fg ,'ig e Fun,,{SL,{2,C)w) 

Ug{sl{2,C)M,) B X ^ Vx / "^xig) = 9(1) {x,g(2)) ,yg £ FuncciSLg{2,C)u). 

Proof: Trivial to check. □ 

From the Alekseev isomorphism and the study of harmonic analysis on SLq{2, C)]k, 
we obtain a simple description of unitary representations of the graph algebra Cn,p- 

Proposition 9 Let ai, ...,ap G Sp we denote byHn,p[c(] = Fiincc(-S'Lg(2, C)]K)®"®V(a) 
the pre-Hilbert space with sesquilinear form <, >= <, >i)<8i (®j=i <> >j+n) where 

<, >i is the hermitian form (18c ) on the i-th copy of Funcc{SLg{2,C)M.) and <, >n+j 



is the hermitian form on V • 'Hn,p[ct] is endowed with a structure of Cn.p module using 
the Alekseev isomorphism. This representation is unitary, in the sense that: 

Va G Cn,p, Vv, w G 'Hn,p-, < a* \> v,w >=< v,a \> w > . (80) 

Proof: This is a simple consequence of the previous proposition. □. 

We now come to the central part of our work: the construction of a unitary repre- 
sentation of the moduli-algebra. We could have hoped to apply the same method as 
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in proposition @, unfortunately this is not possible because there is no normalizable 
states in 7in,p or in its completion with respect to <, > which are invariant under the 

action of [/g(s/(2, C)]r) induced from the algebra generated by C ■ We cannot exclude 

the existence of a quantum analogue of Faddeev-Popov procedure to solve this problem 

but we were unable to proceed along this path. Instead we will give explicit formulas 
P 

for the action of O n,p on the space of invariant vectors, with a suitable hermitian form, 
and verify that this representation is unitary. We will enlarge the representation space 
of the graph algebra as follows: we will transfer the representation of the graph-algebra 
on the dual conjugate space Wn.pM* as follows: 

V0 e W„,p[a]*,Vt; G V[a],Va G £„,p, (a > 0,U) = (0, a* D> v) = {<p,a* > v). (81) 

T~(-n,p[oi]* is naturally endowed with a structure of f7g(5L(2, C)]r) module which admits, 
as we will see, invariant elements. This method is similar in spirit to the concept of 
refined algebraic quantization program [^. In order not to complicate notations, we will 
prefer to work with the right module Tln,p[o]* associated to the anti-representation: 

yep £ W„,p[a]*, Vw G V[a],Va G £„,p, {cp <a,v) = {(p,a\> v), (82) 

this is of course completely equivalent. We will continue to denote by Pn,p[a] this 
antirepresentation. 

The construction of a unitary representation of the moduli algebra is exposed through 
elementary steps: the p-punctured sphere, the genus-n surface and finally the general 
case. 

III. 2 Unitary Representation of the moduli algebra 
III. 2.1. The moduli algebra of a p-punctured sphere 

This first subsection is devoted to a precise description of unitary representations of the 
moduli-algebra on a sphere with p punctures associated to unitary irreducible represen- 
tations ,ap. 

Let us begin with some particular examples. The three first cases (i.e. p = 1, 2 or 3) 
are singular in the sense that the representation of the moduli algebra is one-dimensional 
or zero-dimensional. 

In the case of the one-punctured sphere, the moduli algebra has the following struc- 
ture: 

• Mg{S'^, SL{2, C)ir; 11) = {0} if 11 is not the trivial representation 

• Mg{S^,SL{2,C)R;Il) = C where /= (0,0). 

As a result the representation is non zero-dimensional if and only if the representation 
associated to the puncture is the trivial representation. In this case the corresponding 
one dimensional representation iJo,i is trivially unitarizable. 

In the case of the two-punctured sphere, the moduli algebra has the following struc- 
ture: 
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• Mq{S^, SL(2, C)r; 11, II) = {0} if n is not equivalent to n 

• Mg{s\SL{2,c)R;%n) = c. 

As a result the representation is non-zero dimensional if and only if the represen- 
tations associated to the two punctures are the same, i.e. ai = a2- The associated 
module is (V(ai, ai)*)^''^^'^^''^^'*^ generated by ^0,2 where a = (ai,ai), such that 

<(3o,2 , ei(ai)0 ej(ai) > = ( ej(ai)(g) ej{ai)) . (83) 

We can endow this module with a Hilbert structure < .|. > such that <wo,2 | ^o,2>= 
1. This is a unitary one-dimensional module i^o,2(") of the moduli algebra because of 
the property T^/n = i^fu for unitary representations 11, and / G Sf- 

In the case of three punctures, the moduli algebra has the following structure: 

• Mq{S^, SL{2, C)m; n, n, n) = C if nia, + + ruas G 

• Mq{S^, SL{2, C)r; fl, fl, fl) = {0} in the other cases. 

In the first case, let us denote by a = (ai, 0:2, "a)- The associated module is (V(a)*)'^'2*^^'*^^''^)*) 
generated by ti;o,3 such that 

«So,3 , ei(ai)<8) e^(a2)<8) 6^(03) > = {KsasKU^) i ^(^i)^ ij{a2)® 6^(03)) ■ (84) 

We can endow this module with a Hilbert structure < .|. > such that <wo,3 I '^o,3>= 1- 
This is a unitary one-dimensional module i?o,3(ct) of the moduli algebra for the same 
reasons as before. 

Definition Q Let a = (Q;i,...,a„) G §",/3 = (/Jg, /3„) G §"-2,k G §, we define 
^a(/3) e ^^o"^[/,(sK2,C))m(V(«)>V) as 

Definition 7 For any family (3 = {Ps,--- ,Pp-i) G we define the linear form 

(3o,p[/?]GV(a)* by: 

£o,p = *°(/33,--- (86) 
These linear forms satisfy the constraints 

So,p[/5]< Cjj = 5o,p[/3], (87) 
S'oM < tr,(M(n + i)) = ^la^ So,p[/3] , V/ G Sf, Vi = 1, ...,p . (88) 
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In particular t^^cpi/^] are invariant elements of V(a)*. It will be convenient to denote 

^0,p Wa =<2o,p [^], (8)^=1 ea,(ai) > . 

We will now smear a;o,p[/?] with a function / sufficiently regular, in order to obtain 
"wave packet." We have chosen functions which are analytic in the spirit of the Paley- 
Wiener theorem. 

In the sequel we will use the following notations: we define S = (^Zi)^ and for 
/3 G S'^, we will denote by = {pp-^, ...^pj^^.) and mp = {mp^, ...,771/3^,). Reciprocally m G 
G is associated to a unique element f3{m,p) G S'^. If / is a complex valued 
function on S'^ we will denote by the function on C'^ defined by fm{p) = f{P{fn, p))- 

Definition 8 We define hS-^^f to he the set of functions f on S'^ such that 

• •••,/3r-l A,/3r+l, •••,/3fc) = /(/3l,...,/3r-l,/3r,/?r+l,-", A), Vr = 

• fm is a non zero function for only a finite number of m ^ ^'Z'^, 

• fm is a Laurent series in the variables q^^i^i , q^ff'k , convergent for all pjs-^, Pi3k ^ 
C. 

For f3 G §P~^ we define 

p-2 p-1 
i=3 j=3 

(89) 

For / = (/i, ...,Ip) we denote i^^{a) = n^=i i^^^^\aj). 

Lemma 4 Wq.p [f3]i'^o,p[<^: f!^]^^ (ci) is equal to P[a,(3]/Q[P] where P[a,f3] is a Lau- 
rent polynomial in the variables q^P°'i , , q^Pi^s , q^^/^p-i and Q[I3] = 11^=3 (^P/^j ~ 
Bj)2Bj+i with Bj G ^N. Let M be the set of J ^ (^N)'''"'^ such that the inequali- 
ties: y(J3,/i,72) = l,...,Y{Jp_2,Ip-2,Jp-i) = Jp_i,/p) = 1 hold. We have 
Bj = max{Jj, J G M}. 

Proof: Trivial application of the proposition ([2^ ) of the Appendix A. 2. □ 
For /5 G we define ^ = U^Ui^ + 1), = iTjZl'Pi^j), where ^ 

and the Plancherel weight V are defined in the appendix A.l, as well as Ho,p[a,/3] = 

Eo,p[o^,mm- 

Proposition 10 We can define a subset o/V(a)* by: 

Ho,pi^) = {5o,p(/) = /, d/?P[/3]/(/3)Ho,p[a,/3] 5o,p[/?], with f G A^^-^)}. (90) 

The map A^^^^^ Ho^p{a) which sends f to a;o,p(/) is an injection. 
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Proof: In order to show that a;o,p(/) is well defined it is sufficient to show that 



^[/3]Ho,p[a, /3] loq^p [/?]^ is a Laurent series in q^Pi^'i ^ ...,q^'^'^p-^ , which is the case because 



^[P] cancels the simple poles of Ho,p[a,/3] ujQ^p [/3]^. The sum over m/3 is finite because 
of the condition on /. 

ex. 

We now prove injectivity of this map. Assume that ujQ^p{f) is zero, we would therefore 
have uJo^p{f){av) = for all a G Uq{sl{2, C)m)®p and v G Y[a]. If c is a central element of 

Uq{sl{2,C)M.) we denote by c{/3) its value on the module V • In particular if C3, ...,Cp_i 
are elements of the center of C/g(sZ(2, C)]r), we take a = A(c3)...A(P~^)(cp) where A^'^) 

are the iterated coproducts, and using the intertwiner property we obtain that u>Q^p 
(/ff(c3, •••,Cp_i)) = where 5(03, Cp_i)(/3) = (^jif^j)- By a similar argument as 



the one used in [12| (proof of Th 12 (Plancherel Theorem)) , we obtain that f has to 
satisfy the identity: /(/5)Ho,p[a, /3] Wg^p = 0. It remains to show that this implies 
/ = 0. This follows from a similar argument exposed in [0] (Th 4) which uses the 
asymptotics of the reduced elements. □ 
We define, for a G /3 G S^"^ 

p-2 

, Olp—l, (Xp 

) (91) 

i=3 

where M is defined in the appendix A. 2, and we denote for a G Sp, /3 G Sp ^ 

Lemma 5 To,p[a, /3] is an analytic function of the real variables pp^, and there- 
fore admits an analytic continuation for pp^, ■■■,pp^_^ G C^~'^, i.e /?3, ...,/9p_i G S^~^. 

Proof: We can extend M to §^ as follows 0: 

/ -1 _ „\„ma+mp+m-y 

M{a, P, 7) = i^i {a, (3, 7) , ,'\ ^ ^) (93) 

where 

^(2a^ + 1)0(2/3'^ + l)e{2Y + 1) 



G(a,/3,7) = 
-01(0, /3, 7) 



6'(a^+/3^+7^ + 2)6'(a'-+/3'^+7^' + 2)6l(a^'+^''+7'"+2)(9(a''+/3''+7'-+2) 



'^(«Pa + /3+7,n^a + /3 + 7)'^(iPQ + f(+7,ma + ^(+7)'^(«Pa+£+7,ma+£+7)'^(«Pc« + ,3+7,'"a + /3+2) 

Moreover |So,p[a,/5]p can be extended to /93, ...,/9p_i G S^^^ by 

|Ho,p[a,/3]P = T02-^ ] Ho,p[a,/3]2 (94) 

^2(ai,a2,/33) lli=3 W2{p^^aj ,p^+^)V^2(p„_^,aj,^^,aj,) 
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where 

g5 {Pq+/3 + 7 l™a + /3+7l+Pa+/3 + 7 l"^a+/3 + 7 I+Pq+/3+7 l"^Q+/3+7 |+Pa + /3+7l"*a + /3+7 I) 

V'2(a,/3,7) = • 

-*PQ+/3 + 7il™a + /3 + 7l)'^( — «Pa + /3+7il™c« + ^+7l) 

Due to the fohowing obvious properties, 

'^{2(5^ -2m a -1) - \ ^) 

'^(ipa+l3 + ~,,''na+l3 + ~,)''P(-iPa + l3+^,\rna+l3 + ~,\) 
{vi{dpl)Vl{dpr)f = {dpl)l{d/3r)l 



^i^{\ma + i3 + j\-ma + i3 + j) 



and the fact that Ho,p[a, P]'^{@(aua2M lVj=3 0(/3j,aj,ft+i)0(/3p-i,Qp-i,Qp)) ^ is analytic in 
the complex variables pfj^ , Pi3p_i , To,p[a, /3] is an analytic function of the real variables 
pp^, . We will still use the notation To,p[a, P] to denote its analytic continuation 
for pi3.^,...,pi3p_^ e C. □ 

Remark: Note that @{a, f3, 7) is left invariant under permutation of a, (3, 7 and that 
0(a,/5, 7) is left invariant under the following shifts: Q{a + s,/3, 7) = 6(0;, /3, 7) for 
s G Z2, and e(a, /3, 7) = &{a + (ij^, ijf^), A 7)- 

Proposition 11 The space HQ^p{a) is endowed with the following pre-Hilbert space 
structure: 



<^oM) I ^^0,^(5) >= / d(3V[P] /(/3)To,p[a,/3] g{(3) . (95) 



Proof: We use injectivity of the map / ^ojQ^p (/) to show that this hermitian prod- 
uct is unambiguously defined. The convergence of the integrals in the real variables 
P/33, is ensured by the analyticity of the integrand and the convergence of the 
sums in mp.^, ...^mp^^^ comes from the fact that the wave packets have finite support in 
these discrete variables. 

The positivity of this hermitian product is due to formulas (|9^)( p04|) . Showing it is 
definite is trivial. □ 



The major theorem of this section is the result that HQ^p{a) is a right unitary module 
of the moduli algebra Mq[S ,11). This is a non trivial result which is divided in the 
following steps. In Lemma 1 we compute the action of an element of -^^^(5 ,11) on 
a;o,p[/3]. In particular if f3 is in Sp, the result is a linear combination of Li;o,p[7], with 7 
in S. This comes from the fact that the observables are constructed with intertwiners of 
finite dimensional representations of Uq{sl{2, C)k) and that the tensor product of finite 
dimensional representations and principal representations decomposes as a finite direct 
sum of infinite dimensional representations, non unitary in general, of S type as in ( [1871 ). 

As a result the action of an element a of Mq{S on Wo.pi/] can be defined after the 
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use of a change of integration in the complex plane, thanks to Cauchy theorem. The 
proof of unitarity of this representation is reduced to properties of the kernel To,p under 
shifts. 



Proposition 12 Let P e ^, the action of O^^p G C^Qp on (3o,p [/3] is given by: 
where: 

P (±) f a \ _o 

1. the functions Kqp I ^ I are non zero only for a finite set of s € 

according to the selection rules imposed by the palette P. Moreover any element s of this 
finite set satisfy s^s^ G Z^^^. 

2. the functions K^^J s) ^^^"""^^ ^^^^C{q'P'^i , ...,q'P"p ,q'P''3 , ...,q"''^p-^), 
and more precisely we have: kI^] f I = ^ — where P\a, (3] G 

C((/*''"i , ) [q^f03 , q~^Pi33 , qP^v--^ , g"*^-^?-! ] and Qj is a polynomial with zeroes in 
G iZ}. 



Proof: 



(So,p[/3]< e» (j^) e,(a), 

where ( ^ 1 are elements of HomUq(si{2,c)R)(V, C). The picture for J^}^ J 



(97) 



(+) / « 

/3 



is shown in figure whereas the picture for J^oji'^] is the same after having turned 



.P. 

overcrossing colored by couples of finite dimensional representations into the correspond- 
ing undercrossing. The picture for p > 4 punctures is a straighforward generalization. 
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When ai, ...,a„,/33, ...,/3p_3 are fixed elements of Bp, the non zero elements of the 
family {wo,p [/? + s],s G }, form a basis of HomUq(si(2,c)B)(Vi C). As a result we 



obtain 



(98) 



P(^) / a \ 
where Kn Jin can be computed as: 



with = $;^3^"'$g"' • • • ^^^'"''-'^o'"'- 



K^Q^J ( ^'^g J is therefore represented by the picture of figure ^. The same comments 

P/ 



for the figure representing J^f^J y^j ^-PP^Y here. 

Note that the selection rules in the finite dimensional case, implies that if ujQ^p ^ 

then the possible non zero elements Wq.p [P + s] are those for s satisfying s', s*" G . 

Using the property ( [2^ ) of factorization of finite dimensional intertwiners, we obtain 
that 

where K^^^p \ ^ ^] ^ ^olp^ \ Jr „r] ^'^^ computed (|223| ) in the appendix (B.l) and 



expressed in terms of 6j(0) coefficients. As a result it is straightforward to define a 
continuation of K^^J ^ for ai, ...,ap, P3, Pp-i G S, s G SP~^ maintaining 

and by replacing where needed 6j(0) by 6j(l) or 6j(3) in ( ^231) . 
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It can be checked, from this definition, that ^^"' [ Q^^g] ^^^o^^ (/3^s) ^ rational 

function in q^P°'i q'-P°'p , q'Pi^i g*^'^p-3 . 

We recall that (3o,p [/3]^Ho,p[a, (3]v^ (a) is an element of C(g^^"i , q'P"p , q'^^a , q'^'^P-a ) 



From this property we can deduce the more general result that J^^J y /3 J ^"^'^-''^O'P t*^' ''^-1 ( 

is also an element of C{q'P°'i q'P'^p , q'^^s q'^^p-^). The property in q'P^s , q'P^P-s 
is a direct consequence of the definition of Ho,p[a, f3], the only non trivial fact is to show 
that this also holds for q'^P°'i , ...,q^P°'p . This comes from the structure of the graph in 

_ la 

the figure the expression of R in terms of the coefficients A^^(a), and the fact that 
A;^£(a) is a Laurent polynomial in q^P". 
As a result we obtain that: 

is an element of C(g*^"i , g*^"p , q^Pi^a , q^Pi^p-^ ) which vanishes for an infinite number 
of sufficiently large zpa^ zpcp, ip/3p_-^ G As a result this rational function 

is nul and we obtain relation (p^).D 

Remark. If a G /^o?p > = Z^p -^^^ Co^^ '^^ define 



We will now endow Hop{a) with a structure of right vCqp" module in the following 
sense: 

Proposition 13 acts onY{a)* with po^p[a\ and leaves the space (V(a)*)'^''('''(2,C)R) 
invariant. However the subspace HQ^p{a) is in general not invariant. We define the 
domain of a G C^q^ associated to PcpM io he the subspace D{a) C A^^^^-* defined as: 
f belongs to D{a) if and only if for all s £ S^~^ the functions 

(3 ^kI^J ( ) EoAa,t+VS+s] fi(^) elements o/A(p-3). The action of a on 
an element uj^^f) G D{a) C Hq^p{q) belongs to HQ^p{a), and we have: 

S>o,pif) < « =^o,pif < «) ' 

with 

/n general the domain D{a) is not equal to A^p^^\ but it always contains Qa[P]A^P~^^ 
where Qa[P] = 11^=3 ((^/Sj+'^jOfcj)^-' {{'^Pj+iT''j)k'.T^ for some rij,n'- integers and kj, k'-,pj,p'- 
non negative integers depending on a. 
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Proof: This property follows from the invariance of the sum of integrals under the change 
/3 I— > /? — s, which amounts to replace m/3 by — rus and p/3 by p/3 — ps with ps E iZ, 
given by ips = s' + s*" + 1. The former is a change of index in a sum whereas the latter 
is implied by Cauchy Theorem if the function considered is analytic, which follows from 
the definition of D{a). □ 



It is clear from the properties (pSD , that the anti-representation /9o,p[a] on i?o,p["] de- 
cends to the quotient, and defines an anti-representation /Oo,p["] of Mg{S'^, SL{2, C)ir; a). 
Our main result is that /Oo,p[Q^] is unitary. 

Theorem 1 The anti-representation po-p[(y\ of Mq{S'^ , SL{2,C)r; a) is unitary: 

Vo G Mg(5^5L(2,C)M, [a]),yv e D{a*),yw G D{a),< v<ia*\w >=< v\w <i a > . 

(102) 

where < .|. > is the positive sesquilinear form defined by (fg^j. 



Proof: The first step amounts to extend to the function (3 To.p[a,/3] entering 
in the definition of < .|. >. For this task we use lemma ||. As a result, the exten- 
sion of To,p[q!, denoted by the same notation, is an entire function in the variables 
p^3, We then compute: 



<^o,p if)\ ^o,p {g)< olj >= 

V / d(3V{P + s)7MTo,p[«, + s) Ki] 



fA+) " A ^o,ph^P + s. 



P + s,-s J Ho,p[a,/3] 



On the other hand we have: 



<^o,p if) < (Oo5)1 ^o,p (g) >=<So,p (/)< oiJ\ So,p (g) >-- 



Using Cauchy theorem to shift p/3 in pp + ps and simultaneously changing the index of 
the sum over the dumb variable and s, the last expression is also equal to: 



/ d/?P[/?]/(/3)To,p[a,/3 + sW + f 75" 5 ) ^^"'"^"/^ 

As a result, proving unitarity is equivalent to showing the relation: 
To,p[a, /?] i^o,p ( ^ + J + ^] = 

To,p[a,/3 + .] ( J ^^a=P[/3], (103) 
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3 ^ 

when (3 £ 8^'. We now make use of the symmetries of the relations satisfied by K 

{+) f « 



0,p 



(3,s 



proved in the proposition (|3l| ) of the appendix A. 3. 



( ) ( a'. ) ( ^ ( 

As a result the unitarity condition is equivalent to prove the following quasi-invariance 
under imaginary integer shifts: 

To,p[a,/3] To,p[a,/3 + s] , \ a ^ /1n/l^ 

- ^/;o,p[a,/3,s] (104) 



which, due to the explicit expression of To,p[a,/3], reduces to 

V'l(ai,a2,/93+S3) n^=3 V'l(/3j+Sj,aj,/3j+i+Sj+i)V'l(ap_i,/3p_i+Sp_i,ap) 



V'O.pb,/?,*] (105) 



V'l(«i,a2,/33) 11^=3 V'l(/3,,aj,/3,+i)?/'l(aj,_i,/3p_i,ap) 

which is a trivial fact. □ 

III. 2. 2 The moduli algebra of a genus-n surface 

In this subsection, we will construct a unitary representation of the moduli algebra on a 
surface of arbitrary genus n. The graph algebra Cnfl is isomorphic to H{Uq{sl{2, C)]r))®" 
and acts on Fnncc(5'L(2, C)]r)®". In order to find invariant vectors, we will apply 
the technique developped in the p-punctures case: we will transfer this action on the 
dual space (Fnncc('S'L(2, C)]r)®")* and extract a subspace of invariant elements. We 
use the notations of the end of appendix A.l. Let a £ S*^, we define an element 

Uk=n G {k) e (?7g(sZ(2,C)M)*)®'^ O ®i^„End(v), where G (fc) = Pk{G) where pk 
is the inclusion of Ug{sl{2, C)m.)* in the k — th copy of {Ug{sl{2, C)ir)*)". 

From this element we construct an element of {Funcc{SL{2, C)M)'^")*(X'(X'^^„End(V) 

defined as t®"(®^^„ G) = Ylk=n''('^ (^)) where l is recalled in the appendix A.l The 

action of the lattice algebra on i(G (k)) is easily computed by dualization: 



i(G {k))< \.^^\k) = t(G (A;)) M (^^-^ , i(G (fc))< = t(G (A;)) Vj 



+ k, 



iCq {k))<^ U^\k) = M'Wi(G (A;)) , ^(G (A:))< L(±)(j) = ^G (A;)) Vj ^ A;, 



(A;))< G (A;) = ^ a>:^?^(G {k))^% , .(G (A;))< G (j) = (A;))4G (j)) Vj + k. 

(106) 



i(G 



Before studying the general case, it is interesting to give a detailed exposition of the 
genus one case which contains all the ideas without being too cumbersome. 
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a + s W 




Figure 4: Expression of Kifi. 

Given a G §, we can define the character 1^1^0(0) £ {Funcc{SLq{2,C)))* of this 
representation by (p^): 



^^1,0 (a) = J2 ' ^ 



ABC 



A B 
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\c 


m 



(107) 



The algebra C^^q acts on the right of [Funcc{SLq{2, C)))* with pi^o and we obviously 
have: 



ijJifl{a)< Ci,o= ^^ifi{oi)- 



(108) 



IJW 

Lemma 6 The element O 1,0 o-cts on the invariant element LjJifl{a) as follows: 

IJW , ^ J 

wi,o(a)< 01,0= 2^ Ki [a:s]uJifl{a + s) 

s€S 



(109) 



where Ajj"^[a,s] is given in the definition (11) . 



IJW 



P roof: Computing the action of O 1,0 on ujifi(a) amounts to evaluate the intertwiner 
given by the graph (figure ^) which is equal to Aj^'^[a, s]. □ 



Proposition 14 We define a subset of {Funcc{SLq{2,C)))* by: 

Hifi = {uJifiif) = daV{a)f{a)ujifl{a), / G A}. 



(110) 



Pi,0 defines a right action o/£^"q on {Funcc{SLq{2,C)))* which in general does not 

IJW IJW 
leave Hi^ invariant. To the element O 1,0 ii^ ^To define its domain D{ O 1,0) C A 

as: f belongs to D{ O 1,0) if o-'K'd only if a ^ A]^'^[a, s]^^^^/(a) is an element of A 
for all s G 5. We therefore have: 



IJW IJW 
wi,o(/)< O 1,0 = wi,o(/< O 1,0) 



(111) 
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with 



(/< O i,o)(a) = Y.f{a + s)AY/[a + s, -s] ' \ ' . (112) 

T/ie map A Hi^ which sends f to u)ifl{f) is an injection. We can therefore endow 
Hifi with the following pre-Hilbert structure 



<^i,o(/)ki,o(5) >= / dar{ayf{a)g{a). (113) 

The righ action pi^ acting on Hi^ descends to the quotient MqiTii^, SL(2, C)k)) defines 
a right action pifi, which is unitary. 

Proof: It is important to note that < u:ifl{a),4) > where (p G Funcc{SLq[2,<C)K) is a 
Laurent polynomial in because A^^(a) is itself a Laurent polynomial in g*''". As a 
result u^iflif) is well defined for / G A and the proof of the relation ( [L12| ) follows from 
Cauchy theorem. 

The proof of the injection is a straighforward consequence of the proof of Theorem 
12 of |l|]. Indeed if we have u;i,o(/) = 0, it implies that /^^ daV{a)A^'^ {a)f{a) = 0, 
for every A, B, C. The proof of Plancherel theorem 12 of [l^ precisely shows that under 
weaker condition on / than / G A the last relation implies / = 0. 

To prove the unitarity, we compute 

IJW . ^ f ,„ , 

< wi,o(/)|u;i,o(5)< O 1,0 >=Z2 daV{a)V{a + s)f{a)KYi [a + s, -s]g{a + s). 

On the other hand we have 

<'^i,o(/)< O lo\uJi,oig) > = 22 daV{a)ria + s)f{a + s)AY-J[a + s,-s]g{a) 

ses -'^p 

= ^ / daV{a)V{a + s)f{a + s)kfj^[a + s, -s\g{a). 

Using Cauchy theorem to shift and changing the index of the sum, the last expression 
is equal to 

1 daVia)Via + s)J{a)Af/[a,-s]gia + s). 

As a result, proving the unitarity is equivalent to showing the relation: 

Af/[a,-s] = AY/[a + s,-s], 
which is consequence of the equality: A^2(a) = A^^(a). □ 
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The simplest non trivial observables are the Wilson loops Wa and Wb around the 
handles taken in the representation / G S^. It is straightforward, from the previous 
proposition, to compute the action of these observables: 



{f<WA){a) = ^/(a + s) (114) 

{f<WB){a) = ^lafia). (115) 

Prom the representation of the Heisenberg double, Wa acts by multiphcation in tlie real 
space and by finite difference in the Fourier space whereas Wb acts by left and right 
derivations in the real space and by multiplication in the Fourier space. 

This closes the construction for the genus one. The generalization to the genus n is 
similar in spirit although the technical details are much more involved. This is what we 
will now develop. We will assume that n > 2. 

a 

Let a, (3,^ G S and let A G End(V) of finite dimensional corank, we can define 
{A (g) 1)$"^ G iJom(V, V (8) V) as follows 

{A ® l)<^f{v) = <ei *(S> ij *, <Pfiv) > (A li)® ij (116) 

IJij 

where the sums are finite. A similar conclusion holds true for (1(8)1?)$"^ with corank{B) < 

+00. 

Definition 9 Let A = (Ai,...,A„) element o/S", and a = (c73, (T„), r = (r3,...,r„) 
elements of S^""^ and k G S. We define for 2 < n 

P2 = ^Zx, ^((G(2)) M' ^i i(G(l)) R 

G {Funcc{SLg{2,C)M)^^y Hom(V, V), 

Pi = ^l;:,^ M' M Pi-i M 

G (Fnnec(-SL,(2,C)M)®")* ® Hom('v\T), Vi = 3, ...,n , (117) 

with the convention Tn+i = CTn+i = i^- 

We can introduce Unfl[i^-i\(y-,T\ G (Fnncc(<S'Lg(2, C)]r)®"')* as being: 

Unfi{n,\a,T) =tr^{p^ . (118) 

'^n,o['^) cr, r] is well defined because < UnfllK, X, (j,t], fn (8> ••• ^ /i >= trf^{< pn, fn "X" 
• ■• ® /i >) o,nd < pni fn® fi > is, by construction, of finite rank and finite corank. 



I 

Proposition 15 u!n,o[K, X,a,T] are invariant vectors: Un,o[K, X,a,T]< Cn,o= ^n,o[i^, 
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Proof: Using 

it is immediate to show, by recursion, that 

Pi<do = Pi M Vi = 2,..,n-1. 

and then 

which allows us to conclude. □ 
We will denote for n > 2, 

n 

H,,oKA,a,T]-i = e2-(^^+-+^"-'^)i/iK)'C(Ai,A2,r3)nC(Ai,r,-,r,+i) x 

n n 

X C(Ai,A2,a3) JJC(Aj,o-j,cjj+i) JJz^iKJz^i(d^J. (119) 

i=3 j=3 

We have the analogue of the lemma (Q) : 

Lemma 7 Let f e FuncciSLg{2,C))^^ , for every x € kUAUctUt i/iere exists Ix € ^N, 
swc/i that 

En,o[K,X,a,T] < a;n,o[K, A,r,cr],/ > 

x6kUAUo-Ut 

is a Laurent polynomial in the variables ((7*''^), x € kUAUctUt. 

Proof: The proof is analogous to the related lemma of the p-punctures case. □ 
We will denote Enflin, X, cr,r] = H„,o['t, A, a, r]^[Av]^[A]^[r]^[cr]. 

Proposition 16 We can define a subset of {FuncciSLg{2,C))'^")* by: 

i^n,0 = Vn,0(/),/G A(3«-3)} (120) 

where 

'^n,o(/) = / dKdXdadr u^nfiin, X,a,T]E„,,o[K, X,a,T]'P[K, X,a,T]f{K, X,a,T). (121) 
The map A^^"^^^ Hnfl which sends f to uJn,o{f) is an injection. 
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Proof: The proof of the injection is similar to p punctures case. □ 
We define for n > 2, 

n 

Mn,Q[K,X,a,T] = M(Ai,A2,r3) JjM(Aj-,rj,rj+i) X 

n 

X M{Xi,X2,a^)Y[M{\j,aj,aj+i) (122) 

with Tn+i = (Tn+i = K. 

We define for (k, A, a, r) e S^^"^ the function 

|S„,oKA,(7,r]p T^(A) 

It can be checked that this function is analytic in G M for x G kUAUctUt, and we 
will still denote by Tn,o[n,X,a,T\ the analytic continuation to S^""^. 

Proposition 17 The space i?n,o is endowed with a structure of pre-Hilhert space as 
follows: 

< '^n,o(/)|w„,o(5) >= / (iKdAd(7cZr7^(«;, A,(7,r)/[K, A,(7,r]T„,oK A,(7,r]5[«;, A,cr,T]. 

(123) 

Proof: Same proof as in the p-puncture case: use the injectivity of the map to show that 
the scalar product is defined unambiguously and the fact that T„^o is analytic. □ 

Proposition 18 Let (k, A, a, r) G S^*^"^, the action of d^^o ^ ^o^p on ijJn,o[nj\,a,T\ is 
given by: 

u;„,o[k, a, a, t]< oJJJ = ^ ^g] ( A a r'-^ s t ) + k, X + i,a + s,t + t] 

(124) 

where: 

P(±) ( K,' k \ 

1. the functions K^J ( ^ a r- £ s t ) ^^^^ ^^^^ ^ finite set of {k, £, s, t) G 

g3n-3 according to the selection rules imposed by the palette P. Moreover any element 
{k, e, s, t) of this finite set satisfy {s\t^), (s'', G Z^"-^. 



2. thefunct^onK^^^I^^^^^;^^^ ^ ^^ belongs to "^^^^^^^^^^^^ 



a;GK;UAUTU<T- 

Proof: Using the expression of the observables and their action on {Funcc{SLq{2, C))®"')*, 
we have for / G Funcc{SLq(2,C)^''), 

((g).(G {i))< oS)(/) = J2 *^A,+£„...,A„+£„(FS(A,^)(g).(^G'' mm 

i=i ei,-,enes i=i 

(125) 
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iv J 

Ai + ^lAa + ^2 



A2 + ^2 A3 + £3 



A3 + ^3 




(+) 



Figure 5: Expression of F3 q 



where F„g (A,^) are elements of Endif^(^gi(^2,C)R){^7=i V iSD V)- Note that the sum 
over i does not exist in the p-puncture case. It now appears because the expression of 

the observable contains multiplication by G (with / G Sf), which therefore corresponds, 

after acting on Unflif^j A, a, r], to tensor representations of the principal series with finite 

^ (+) n 
dimensional representations. The picture for F^q (A,/) is shown in figure ^ (for the 

case n = 3), whereas the picture for Fj^q{X,1) is the same after having turned over- 
crossing colored by couples of finite dimensional representations into the corresponding 
undercrossing. The picture for arbitrary genus n is a straighforward generalization. 

We will use the same method as in the proposition (|l^),i.e we first define and prove 
everything in the case where {k, A, a, r) belongs to S^p~^ and then we use the continu- 



ation method to extend it to S 



3n— 3 



We have 



(u;„,o[NA,^7,r]<og)(/) = ^^g) 



\ X,a,T;£ 



(126) 



are elements of {Funcc{SLq{2, C))®")* and is a linear combina- 



where n 1 \ 

tion of the elements Wn,o['^ + k,X + £,a + s,T + t] as follows: 



J 1 



.(±) 



"'0 \\a,T 



A, (T, r; s, t 



a;„,o[K + A;, A CT + s, r t] . (127) 



K 



(+) 



-'0 V A,cT,T;As,t 



is represented by the picture n, and the same comments for the 



figure representing F\q{\-,() apply here. 



Note that the selection rules in the finite dimensional case, implies that if a;n,o['t) A, a, r] 7^ 
then the possible non zero elements u;„,,o['^ + A;,A-|-/,(T-|-s,r-|-i] are those for s and t 
satisfying s'- , s"^' , t'- , f £ Z""^. 

Using the property (p^) of factorization of finite dimensional intertwiners, we obtain 
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Figure 6: Expression of K^q ■ 

that 

^^fi \X,a,T;e,s,t) -^'^'^ \\\a\T'-j\s\t') ^"-fi a^ r^; T, s^ ^^^^> 

where the functions K^^^ , K^^o ^ are computed in the proposition (p^) and expressed 

in terms of 6j symbols. The definition of the continuation of K^q and K^o precisely 
uses these expressions where 6j(0) are replaced by 6j(l) and 6j(3) where needed. □ 

If o G £^"o define ^\XaT-ist) hnearity as in the p-puncture case. 
We will now endow Hnfl with a structure of right C^^q module in the following sense: 

Proposition 19 acts on {FuncciSLg{2,C))®'^)* with pnfi and leaves {FuncciSLg{2,C))'^'')*y 
invariant. The subspace Hnfl is in general not invariant. We define the domain of 
a G i2^"o associated to pn,o to be the subspace D{a) C A^'^'^"^) defined as: f belongs to 
D{a) if and only if for all {k, i, s, t) G 53"-3 ^/jg functions 

, . X ?A±)( \ {EnflV)[K,X,a,T]f{K,X,a,T) 



^ A, a, r; i,s,tj (EnflV) [k + k, X + e,a + s,t + t] 

are elements of A^^"'^'^\ The action of a on an element uJn,o{f) G D{a) C Hnfi belongs 
to Hnfl, and we have: 

l^nfiif) < a = UJnfiif < a) , 

with 

{f <ia){K,X,a,T) = 

\ ^ ' ' ' / (129) 
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Theorem 2 The representation p^fl of Mg{T,, SL{2,C)^) is unitary: 

Va G Mg(S,5L(2,C)K),Vv G D{a''),'^w £ D{a),< v^a^lw >=< v\w < a > . (130) 
where < .|. > is the positive sesquilinear form defined by l\123i). 



Proof: Using Cauchy theorem for the integration in and reindexing the summation 
on nix for xGAUctUtUk the proof of unitarity of the representation reduces to the 
identity: 

^ , , . j^{±) f K+k--k \ {En,oV)iK+k, X+i,a+s,T+t) _ 

'^''^''^''^''^^>^-fi[x+£,a+s,T+t;-£,-s,-tJ E^^oi^^, X,a,T) 

Tnn{K+k, X+£,a+s,T+t) Kn(i - ~ , -- =-(131) 

^'^ \X,a,T;-£,-s,-tJ En,oifi+k,X+£,a+s,T+t)' 

when (k, A,o-,t) G 8^""^ 

In order to show this relation, we make use of the following identities which are 
proved in the appendix: 



^"'0 \x,a,T;-£,-s,-i) ^"'^ \X,a,r, 
[dx] [di^+k] ( K-k;k 



[dx+e] [dn] VA-^,^-5,r-t;£,s,t 
= V^.,o(-, A, a, r; k, £, ^ a + ^, a + r + t; -i, -s, -t J ' 

As a result showing unitarity is reduced to showing the quasi-invariance under shifts: 
Tn,o[K, X, a, t] ipnfl{K, A, cr, T, ; k, £, s, t)T„,o [k + k, X + l,a + s,t + t] 



|H„,o['«, A, a, r]|2p(A)2p(cj, r) jH^^ol'^ + A:, A + ^, a + s, r + t]|27:'(A + eyv{a + s, r + t) ' 

(132) 

This is a direct consequence of the fact that T^^q is expressed in terms of the function 
which satisfies: Q{a + s, /? + s, 7) = @{a, f3, 7) for s G 5. □ 



III. 3. The moduh algebra for the general case 

This subsection generalizes the previous ones: we construct a unitary representation 
of the moduli algebra on a punctured surface of arbitrary genus n. The graph alge- 
bra Cn,p is isomorphic to H{Uq{sl{2,C)u))'^'' Uq{sl {2, C)r)^^ and acts on W„,p(a) = 
FuUcciS L{2, C)m.)'^"' <Si V(a) where a = (ai, • • • ,ap) G Sp denotes the representations 
assigned to the punctures. 

Before expressing a theorem for the general case similar to theorems || and |2|, it 
is interesting to study the representation of the moduli algebra on the one punctured 
torus. 
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Fi gure 7: Expression of Ki i • 

Given Q!,A G S, we can define Wi i (A) G (Fnncc(5'Lq(2, C)k) (8) V(a))* by: 

<(3i,i (A), f(^v>= trx{<G, f > ^^aI^' ® ^f^)) (133) 

where / € Fii77.cc('S'-^g(2, C)]r) and v G V(a). The algebra Cf^f acts on the right of 
{Funcc{SLq{2,C)M.) (8) V(a))* with pi^i and we have: 

(A)< Ci,i = (A) (134) 

(A) <trg(M) = (A) . (135) 

An observable is given by a palette P = (I, J, N; K, L, W) G Sf^ as follows: 

^11= 1/2 1/2 ^^^(^ ^ (i^,L) MWMRW-^<i>^^) 

{-f,J) J J/ IJI. . 

where 6* (i^,i^) = ^'j/ -BM' ylM^"-'$f • Aft er a direct computation, we can show that 

ex. 

the action of this observable on Wi i (A) is given by: 

£i,i (A)< Oij = J2 Kfl ( ^.^ ) Si,i (A + 1) (136) 

where K^^i ^ ^"^^ ^ is given by the graph (figure 0). The expression for K^^i ^ ^'^^ ^ 

is given by the same graph after having turned overcrossing colored by couples of finite 
dimensional representations into the corresponding undercrossing. 
For a, A G S, we define 

Hi,i[a,A]-i = Hi,i[a,A]e(A)2 (137) 
Hi,i[a,A] = e'^\{Wa)u^{dx) (138) 

For a, A G Sp, we define Mi_i[a, A] = M(a, A, A) where M is defined in the appendix 
A. 2 and we denote 

Ml 1 a, A 
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We can show, as in the lemma that Ti^i[q,A] is an analytic function of the real 
variable p\ and therefore admits an analytic continuation for A G S. 

Proposition 20 We define a subset of {Funcc{SLq{2,C)K) V(a))* hy: 

Hi,i{a) = {<Si,i (/) = [ dX P(A)Hi,i[a, A]/(A) <Si,i (A), / G A}. (140) 



For the elements f belonging to the domain of Oi { we have : 

(/)< oS? =5i,i (/< oSJ) (141) 

where 



T/ie map A — > //i i(a) is an injection. We can therefore endow Hi^i(a) with the 
following pre-Hilbert structure 



<^i,i (/)| (<?) >= / (iAP(A)/(A)Ti,i[a,A]5(A) . (143) 
pi^i is an antirepresentation of Mq{T,i, SL{2,C)r; a) which is unitary. 

Proof: It is easy to show that (/) is well defined and the expression (142) of the 
action of pi^i follows from Cauchy theorem. Using the usual method of proof, unitarity 
is equivalent to the identity: 

T,, [a, X + i] ( / ^ ) ^^=m (144) 

when (a. A) G Bp. 

In order to show this relation, we make use of the following identities which are 
proved in the appendix: 



V'i,i(a,A;^)£g)( ) . (146) 



As a result, showing unitarity reduces to the relation: 

- ipi,i{a, A; £)— — - — . , .nn^., , (147) 



[a,A]|2p(A) ^^'^^ ' ' ^|Hi,i[a,A + £]|2p(A + . 
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which holds. □ 

This proposition closes the construction for the torus with one puncture. All the tools 
are now ready to construct a right unitary module of the moduli algebra Mg(S„, SL{2, C)ir 
.For this reason, we will just describe the representation of the moduli algebra without 
giving the technical details. 

Proposition 21 Let a = (ai,--- ,ap) G S^, A = (Ai,--- , A„) G S", /? = (/Jg,--- ,/3p) e 
S^~^, a = (a"3,-- - ,(Tn+i),r = (ra,--- ,t„+i) elements of W^'^ and 5 G S. We define 
£„,p (/3,A,a,r,5) G (Fnn,,(5Lg(2, C)m)®" V(a))* fty 

<S„,p A, a, r, 5), >= tr,^^, (< p„(A, a, r), > ^J-^^^ {v)) (148) 

w/iere (/> G Fnncc(5Lg(2, C)k)®" and t; G V(a). 

G -ffom^_^(-g;(2,C)R)('^('^)> V) ^as been introduced in the definition^ and pn{Xi<y-,T 

Tn + l CTn + l 

{Funcc{SLq{2,C)M.) )* Hom{ V , V ) has been introduced in the definitions^. 
^n,p A, (T, r, 5) are invariant vectors: 

uJn,p (/3, A, a, r, S)<i Cn,p=^n,p A, cj, r, 5) , (149) 
an(i they satisfy the constraints: 

S„,p {P,X,a,T,6) <trg(M (n + i)) = ^n,p {P,\,cr,T,6) , Vi = l,...,p . (150) 

Proof: The proof of the invariance is a direct consequence of the factorization 
fit) fit) (it) 

Cn,p =C„ C'op • '^^^ action of tr g{'M {n + i)) is obtained immediately. □ 
We will define: 

where 

n 

En[X, a, t]-1 = e-(2Ai + ...+2A„-a„+,-r„+,)^(A,, A2, (73) n Mda,)CiXj,<Tj,CTj+l) 

i=3 

n 

X C(Al , A2, Ts) ]^ l/l {dr^ )({Xj , Tj , r, + i) 
J=3 

p-1 

Hp[a, P, 6]-' = e^-("i+-+°")C(«i, «2, /33) J] Mdf3,)C{aj, Pj, Pj+i) 

i=3 

X'^i('^5)C(ap,/3p,'^) 
H,[cT„+i,r„+i,(5]~^ = e^-('^"+i+^-^"+i)i^i(d,„+jC(f^n+i,r„+i,(5) . 
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Prom these functions, we also define 

S„,p[a, (5, A, a, r, 5\ = H,,p[a, (5, A, a, r, <5]e(/3)?(A)e(a)e(r)e((^) • 

We will also denote M„,p[a,/3, A,cr,T,(^] = M„[A,(T,r]Mc[cr„+i,r„+i,(5]Mp[a,/3,(5] 
with: 

n 

M„[A,a,r] = M(Ai, A2, a3)M(Ai, A2, rg) n(^(^i 

n 

Mp[a,/?,(5] = M(ai,a2,/?3)M(ap,/3p,(5) JjM(ai,A,A+i) 

-^c[0"n+l,Tn+l,<^] = -^(o"n+l, Tn+1, <^)- 

Finally, for a = ai,--- ,ap e S?,, A = (Ai,--- ,A„) e S^, /? = (/?3,--- e 
Sp~^, cr = ((T3, • • • , (Tn+i)) = ('^3) ■ ■ ■ ) "^n+i) elements of §p~^ and (5 G Sp, we denote: 

Tn,p[a,l3,X,a,T,6\ = — — - — — — — -. (151) 

Mn,p[a,l3,\a,T,5\ P(r„+i) 

We can show that T„^p[Q;, /3, A, cr, r, (5] is analytic in p^; for x G /3U AUcrUrU^ and we will 
still denote by T„_p[a, /?, A, cr, r, (5] the analytic continuation to a, /3, A, cr, r, (5 G g^n+p-a 

Theorem 3 We define a subset 0/ (Funcc(5Lg(2, C)r)®")* V(a)* hy: 

Hn,v{oi) = {^n,v if) = / d/SdXdadrdS V{fi, A, cr, r, (5)E;„ „[«, fi, A, cr, r, (5] 

fi(3, A, C7, r, 5) A, a, r, 5), / G A} (152) 

T/ie map A.^"-+P-^ — > Hn,p{a) which sends f to u^^p (/) is an injection. 

The algebra On,p ^cis on the right of {Funcc{SLq{2,C)M.)'^^)*<SiY{a)* with pn,p which 
descends to a right action pn,p on Hn^p by: 

p p 

^n,p (/)< On,p=^n,p (/< On,p) ■ (153) 

The subspace Hn^p{a) is in general not invariant. We define the domain of a & C^j^p to 
be the subspace D(a). 

We can endow Hn,p{oi) with a pre-Hilbert structure as follows: 

(y. Q. I 

<^n,p (/)| ^n,p if) >= / dpdXdadrdS V{(5, A, a, r, (5)T„p[a, /3, A, a, r, 6] 

Jg3n+p-3 

f{P,X,a,T,S)giP,\,a,T,S) . (154) 
The representation pn,p of Mq{T,, SL{2,C)m.) is unitary: 

Va G Mg{T,,SL{2,C)R),yv G L»(a*),Vw; G D{a),<v < a*\w >=< v\w < a > . (155) 
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Proof: We perform the proof similarly to the proof of the theorems [T| and ^. 

First, using usual continuation arguments, we compute the action of On,p on ujn,p 
[f3, X,a,T,6] when a = ai,--- ,ap e S^, A = (Ai,-- - ,A„) G S", /3 = (/^s,-- - ,/3p) G 
§P~^, fj = ((T3, • • • , cj„,+i), r = (r3, • • • , r^+i) elements of and 5 G S. We show that: 

£.,,[/3,A,a,r,5]<Og= J] ( /3, A, a, r, ^^ft, M ) 

Zn,p[f3 + b,X + i,a + s,T + t,S + d] (156) 



The functions K^p (o* a^^^) +^)' defined by the graph in picture (fig , 

are non zero only for a set of 6, i, s,t,d £ S according to the selection rules imposed by 
the palette P. 

" (±) f \ 
If a G , we define Kn v \ r, s ^ , « , r by linearity as in the previous 

V P,X,a,T,d;b,i,s,t,d J 

cases. The subspace Hn,p{a) is in general not left invariant by the action of So, 

we define the domain D{a) of a such that: / belongs to D{a) if and only if for all 

6, i,s,t,d €z S the functions 

(a, (3, A, a, r, <5) ^Ig ( 5" 6, ^, t, d ) ^' ^' ^' '^^ 

/3, A, a, r, A, a, r, 

Hn,p[a, /? + 6, A + 0- + s, r + t], ^ + + 5, A + ^, 0- + s, r + 5 + d] 

are elements of a(3"+p-3). The action pn,p of on (Fnncc(5Lg(2, C)k)®" V(a))* 
descends to an action pn^p on i/„_p[a] defined by: 

S„,p (/) < a =Zn,p (/ < a) , (158) 

with 

(/<a)(/3,A,a,r,5)= J] ( ;3 - 6, A - a - t, <5 - d; 6, M ) 

Sn,p[a, (3 — b, X — £,a — s,T — t,6 — d]V[P — b, X — i,a — s,t — t,6 — d] 

En,p[a, P, A, <T, r, S]V[(3, A, cj, r, 5] 
f{(3-b,X-£,a-s,T-t,6-d). (159) 
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Finally, using Cauchy theorem, unitarity reduces to the identity: 

p , 



T„,p[a, /3, A, (J, r,5\Kn,py ^^^^^^^^^^^^^^^^^^ ^. _^ 

Hn,p[«, l3 + h,\ + l,a + s,T + t,5 + d\P[l3 + b,\ + l,a + s,t + t,5 + d] _ 

Sn,p[a,/3, A,cr, r, 5] 

T.„[a, /? + 6, A + a + r + t, <^ + d] Is ( _ _ ^. _ _ - ) 

Sn,p[a, /3, A, cr, r, (5]P[/3, A, ex, r, 5] ^^^^^ 



^n,p[", /? + 6, A + £, cj + s, r + t, + d] 

where a,/3, A, cr, r G Sp. In order to show this relation, we make use of the identities 
related in the proposition ^ given in the appendix and the proof of unitarity reduces 
to the relation 



H„,p[a,/3,A,a,r,(^]|2p[/3,A,a,r] V[\) 



tpn,pi<^^ /?, A, cr, r, 5; b, i, s, t, d) 



Tn,p[a, fi + b,\ + l,a + s,T + t,5 + d] VjTn+i + Wi) 

|Hn,p[a, P + b,\ + + s,T + t,5 + d]\'^V[f3 + b,\ + l,a + s,T + t,5 + d] V{X + i) 

which holds immediately. □ 

IV. Discussion and Conclusion 

The major result of our work is the proof that there exists a unitary representation of 
the quantization of the moduli space of the flat 5L(2,C)ir connections on a punctured 
surface. This is a non trivial result which necessitates to integrate the formalism of 
combinatorial quantization and harmonic analysis on SLq{2,C)^. However we have not 
studied in details properties of this unitary representation. It would indeed be interesting 
to analyze the domains of definition of the operators pn,p{0) and to study the possible 
extensions of pn,p{0). Related mathematical questions, which are answered positively 
in the compact group case, are the following: 

• is the representation pn^p irreducible? 

• in this case, is it the only irreducible representation up to equivalence? 

• Does this representation provides a unitary representation of the mapping class 
group? 

What remains also to be done is to relate precisely the quantization of SL{2, C)]r 
Chern-Simons theory to quantum gravity in de Sitter space. 

Discarding the problem of degenerate metrics, the two theories are classically equiv- 
alent. As pointed out in [|^, |2^, three dimensional lorentzian gravity written in the 
first order formalism is a gauge theory, specifically a Chern-Simons theory associated 
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to the Lorentz group when the cosmological constant A is positive. This equivalence 
was extensively studied (see for example and the references therein) and it is pos- 
sible to relate the observables of Chern-Simons theory with the geometric parameters 
associated to the metric solution of Einstein equations. As usual we denote by Ip the 
Planck length, Ip = hG and the cosmological constant A is related to the cosmologi- 
cal length I hy A = These two length scales define a dimensionless constant Ip/l. 
The semiclassical regime is obtained when h approaches zero, and the relation between 
Chern-Simons S'L(2,C)ir and gravity, imposes q = 1 — lp /l + o{lp /I). It is a central ques- 
tion to control the other terms of the expansion and the non perturbative corrections. 
This issue is not adressed here but could possibly be done by comparing two expectation 
value of observables in SL{2, C)iR-Chern-Simons theory and in quantum gravity in de 
Sitter space. The construction of a unitary representation of the observables, provided 
in our work, is a step in this direction. 

In the rest of this discussion we will provide a relation between the mass and the spin 
of a particle and the parameters (m, p) of the insertion of a principal representation. 

Let us first give the metric of de Sitter space associated to massive and spinning 
particules. In a neighbourhood of a massive spinning particle of mass nip and spin j , 
the metrics takes the form of Kerr-de Sitter solution ([^, p3|): 

ds^ = -i8lpM-'^+^^)dt^ 

= -i!:!±I^M^dt2^— dr' + r\d4>+'-^dtf 

where we have defined 



r+ = 2l^lpM + lp^M'^ + '-^ , r- = 2l^-lpM + lp^M'^ + '-^, 

where 8lpM = 1 — 8lpmp. 

This metric has a cosmological event horizon located in r = r+. Following |23|, this 
metric can be conveniently written as 

ds^ = sinh^i? ^^-y^ - r_#^ - I'^dR^ + cosh^ R (^^-^ + r+d(j)^ 

with = cosh^ R + r'^ sinh^ R. In this coordinate system, the cosmological horizon 
is located at i? = 0; the exterior of the horizon is described for real R and the interior 



for imaginary value of R. To this metric we can associate an orthonormal cotriad e° 



=1 

with g^i^ = e'Ji^e'^r]ab and its spin connection w^^. These data define a flat SL{2,C)i 
connection 
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where Jq, Pa are the generators of so(3, 1) and = \eahc^p"'^ ■ The exphcit value of the 
connection is given by Park (|2^) in the spinorial representation and a trivial compu- 
tation shows that: 

Wd{A) = 2 cosh |^27r '^~ (161) 

where Wci{A) is the classical holonomy of the connection along a circle centered around 
the world-line of the particle. 

In the quantization of Chern-Simons theory that we provided, a puncture is colored 

with a principal unitary representation a = {m,p). The monodromy Mq (A) around a 

puncture belongs to the center of the moduli algebra and it is defined by Mq (A) = ^la- 
in order to compare it to the classical case, one can trivially evaluate the associated 
holonomy in the spinorial representation / = (1/2,0): 

Wq{A) = q'^+'P + q-(^+^'P\ (162) 

At the semi classical level, the comparison between ( |161| , 162), implies the relations: 



=F 27rr+ = pip , ±2r_ = mlp . (163) 

which is equivalent to 

32TrHpM = ^(p^ - m^) , iQn^j = -^^pm . (164) 

From these relations we note that r_ is quantized in units of Ip whereas r-|_ has 
a continuous spectrum. It is much more delicate to understand what is the physical 
meaning of holonomies around several punctures. In particular, the energy of such a 
system in de Sitter space is not, a priori, well defined in the absence of boundaries, 
even at the classical level. It should be a good chalenge to understand the classical and 
quantum behaviour of particules in dS space in the light of Chern-Simons theory on a 
j»-punctured sphere. We will give an analysis of this problem in a future work. 

A comparison, similar to the analysis given above, between the classical geometry 



and the quantization in the Chern-Simons approach has been given in |17| for the genus 
one case. The generalization to the genus n case is open. Of particular interest is the 
construction of coherent states, lying in Hn^p and approaching a classical 3 metric. This 
subject is up to now still in its infancy. 
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Appendix A: Quantum Lorentz group 

A.l Representations and harmonic analysis 

In this work we have chosen q £ M,0 < q < 1. 



For X G C, we denote [x]q = [x] = '^g-g-i > = 2x + 1, and Vx^^ = 

exp{i^x)q 2 

The square root of a complex number is defined by: 

Vx G C, = v^e*^^, where X = \x\e''^''^'-''\ Arg{x) £] - TT,Tr], (165) 

For all complex number z with non zero imaginary part, we define e(z) = sign (Im(z)). 
We will define the following basic functions: Vz G C,Vn G Z, 

{Z)oo = {q ,9 )oo = _[_[(!- g ), {Z)n 



k=0 

+00 
k=0 



{z + n)oo 



1/00(2: + n) 



Let us define the function S,,6 : 



e(z) = {z)^{l-zU,az)=C{z + i—) (166) 

In (7 

0(z) = az)q''~^e^-y{l)l,e{z + l)=e{z). (167) 



With our choice of square root, we have 1/^(2:) = Vniz). It is also convenient to introduce 
the following function : C x Z — > {1, i, — i, —1}, defined by 

(^(z, n) = z/„(z - n + l)z/_„(n - z)^-«-+i«("-i). (168) 

We will recall in this appendix fondamental results on C/q(s/(2, C)k). We will give a 
summary of the harmonic analysis on SLq{2, C)]r, for a complete treatment see |l2| , [T3[ |. 

Ug{su{2)), for q g]0, 1[, is defined as being the star Hopf algebra generated by the 
elements J±, q^"^", and the relations: 

q±J^qTJ. = 1^ qJ^J^q-^^ = q^^J^, [J+, J_] = ^''^^ ~ ^''/^ . (169) 

The coproduct is defined by 

A{q^-^^) = q^-^^ (g) q^-^^ , AJ± = g"'^" ® J± + J± (g) q"^- , (170) 
and the star structure is given by: 

{q'^r = q'^ , 4 = Q^' 4 • (171) 
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This Hopf algebra is a ribbon quasi-triangular Hopf algebra. The action of the genera- 
tors on an orthonormal basis of an irreducible representation of spin / is given by the 
following expressions: 



I 



2 ±m + l][I ^m] em±i • 



(172) 
(173) 



The element ^ is given by fi 
For a representation vr = vr of Uq{su{2)), we define the conjugate representation 

~^ with w matrices whose compo- 



7r(x) = 7r(5 ^x*) and we have 7r(x) 
nents are defined by w ^ = Wmn 



w irix] 



I 

w 



1/2, 



-nrm mx 



Uq{sl{2, C)]r) is defined to be the quantum double of Uq{su{2)). Therefore Uq{sl{2, C)k 
Uq[su{2)) (gi Uq{su{2))* as a vector space, where Uq{su{2))* denotes the restricted dual 
of Uq{su{2)), i.e the Hopf algebra spanned by the matrix elements of finite dimensional 
representations of Uq{su{2)). 

A basis of Uq{su(2))* is the set of matrix elements in an orthonormal basis of irre- 
ducible unitary representations of Uq{su{2)), which we will denote by g^B G ^Z"*", i,j = 
-B,...,B. 

It can be shown that Uq{su{2))* is isomorphic, as a star Hopf algebra, to the quantum 
envelopping algebra Uq{an{2)) where an{2) is the Lie algebra of traceless complex upper 
triangular 2x2 matrices with real diagonal. 

Uq{su{2)) being a factorizable Hopf algebra, it is possible to give a nice generating 

family of Uq{su{2)). Let us introduce, for each / G the elements G End{C^')® 

Uq{su{2)) defined by L^^^ = (T:(^id){R^'^^). The matrix elements of iS-^^ when / describes 
span the vector space Uq{su{2)). 



The star Hopf algebra structure on [/g(s/(2, C)ir) is described in details in |12]. Let 
us simply recall that we have: 



9& 



E 

Kmn 



E 

Kmn 



i k 

I J 



n 



m 



fi k 






^ n 


V J 


m ^ 







/ J 

j I 



I J 

3 I 



j {--){{+) o 



-"-12 -^1 92 — 92^1 ^12 ' 



A(k) 



c 

-S'Hk)- 



The center of Uq{sl{2, C)]r) is a polynomial algebra in two variables ri_ and we have 
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We will denote by S the set of couples a = (a', a^) G such that vria = (J" — oT G 
^Z. We will define ipa = a' + + 1 . Reciprocally we will denote a(m, G S the 
unique element associated to m G and /) G C. 

We will use the following definitions: a G S, v'd'^ = w^f'^w'^^, e*'^" = e^^'e*™*^. 
We define [da] = [da'^][dai] as well as viida) = i'i{da'r)i'i{dai)- We can extend to 
S X Z X Z as follows: ip{a,s) = ip{a\ s'')ip{a^ , s^). For a = (ai,--- ,a„) G S" and 
s = (si, • • • ,Sn) € (Z^)", we define: (p{a, s) = nr=i <^("i' ^i)- 

We distinguish two subsets of the previous one, Sp (resp. Sp), defined by pa G M 
(resp.(a',a^) G iZ+ x iZ+). 

For a G §_p we define the vector space V= ®c=\^i-a'- \ 

a C 

For a G S\Sf 

we define the vector space V — C—\a'~-a'^\S:fi 

V. 

a a 

For a G S we define a representation n on the vector space V by the following 
expressions of the action of the generators of Uq{sl{2,C)^): 



E 



Bj C 

9i e.r 



E 



DEpk 



( P i 






B C\ 


\E B 






j r J 



kBD 



(a), 



(174) 
(175) 



c 



where e^, r = — C, C is an orthonormal basis of V and the complex numbers A^^(a) 
have been defined in ]l2[ . It is a basic result that these coefficients can be expressed in 
terms of 6j symbols |13, 0| as follows: 



1^ 


C 




\B 




^ 1 




a'' 


a' + p J 


[a' 


a*" 





1/4 1/4 



p 



P. 


C 


^ \ J 




C 


D \ 




a' 


a' + p J 




a' 


a'- + p \ 



1/2 1/2 
1/2 1/2 



„, 1/4 1/4' 



(176) 
(177) 



with e = OifaG§_p and e = 1 in the other case. 
Let A G iZ, a G S we denote 



(a) = V2A+i{a^ + q'' - ^ + 1) 



Ar(^)( 



a] 



t/po {A + ipa + l)Voo {ipa - A) ^ 



^^e(ip) inA 



q 2 



(178) 
(179) 



We have shown in |T3l that both 



A^g(a) and 



A^£(a) are Laurent poly- 



nomials in q^f'°'. 

A representation vr associated to an element a G Sp is said to belong to the principal 
series (infinite dimensional unitary representation) whereas a representation tt associated 
to an element a G §f is an irreducible finite dimensional representation. 
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The action of the center on the module V is such that n (^^±) = uj±{a)id where 
a;+(a) = + q-^-'-\uJ-{a) = q^^^+^ + q-^^^'K 

For Q = {a\a^) G S we can define the elements a, a and a defined by d = 
(a'', a'), a = (a', a*") and a = (— — 1, —a^ — 1). 

a a 

The two modules V and V are equivalent and we have A^^(a) = A^^(q). Note also 

that V is a module equivalent to V if /? = (a + because K^{a) depends 

only on q^"'"*"-^ and g^"'^"'"^. As a result we can always assume that pa G] + j^, — i^^]- 

a 

We can endow V with a structure of pre-Hilbert space by defining the hermitian form 

C 1 4_ 

< ., . > such that the basis {er(a), C —\ma\ S -^Tr = — C, . . . , C} of V is orthonormal. 

a 

Representations of the principal series are unitary in the sense that Vv, w GV, Va G 
Uq{sl{2, C)k), < a*v, w >=< V, aw >, this last property being equivalent to the relation: 

A2g(d)=A|gH- 

a a 

When Q G §p, we will denote by H the separable Hilbert space, completion of V 
which Hilbertian basis is {er(a), C — \ma\ G ^Z^, r = — C, . . . , C}. 

Let us now recall some basic facts about the algebra of functions on SLq{2, C)k ||2^ , 
12 1 . We will use the notations of |jl^. The space of compact supported functions on the 



quantum Lorentz group, denoted Func{SLq{2,C)M.) is, by definition, Fun{SUq{2)') ® 
End{C^^)^ . This is a C* algebra without unit. It contains the dense *- 

subalgebra |lO| Funcc{SLq{2,C)m) = Pol{SUq{2y) ® (^0^^!^+ Sn(i(C'^o) which is a 
multiplier Hopf algebra ||2^, and which can be understood as being the quantization 
of the algebra generated by polynomials functions on SU{2) and compact supported 

functions on AN (2). 

c D 

(k^ <^ Eq)c,D,m,n,p,q is a vector basis of Funcc{SLq{2,C)M.) which is defined, for 
example, by duality from the generators of the envelopping algebra: 

< iw;. f f , >= R^^^'j:sB,DS'^df. (180) 

We can describe completely the structure of the multiplier Hopf algebra in this basis; 
B, c D 



I m 
A C 







r J 





A r\ F B, 



r" n\ ^. c A D 



k;^E^ . ki^^EPq = 

Frs 

C,D,ni)- ^ 
p,q,r,s 

e(fcjolf) = S^dBfi {k;(^E'[)* = S-\ki)(^Ei with J^^^^ = Y,Ey^S-\kl).{181) 

J,x,y 

The space of right and left invariant linear forms (also called Haar measures) on Func{SLq{2, C)i 
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is a vector space of dimension one and we will pick one element h, which is defined by: 

h(ki^Er) = ^A,o{f^-')T[dB]. (182) 
This Haar measure can be used to define an hermitian form on Func{SLq{2,C)M.) '■ 

yf,geFunc{SLg{2,Ch), <f,g>=h{rg). (183) 

Using the associated norm, || a ||^2 = /i(a*a) 2 , we can complete the space Fn?7,c(5'Lq(2, C)r) 

into the Hilbert space of functions on the quantum Lorentz group, denoted Lp'{SLq{2, C)]r). 

c D 

Funcc{SLq{2,C)^) is a multiplier Hopf algebra with basis {ui) = {{k^^Er)c,D,m,n,p,r)- 
The restricted dual of FuncciSLg{2,C)M.), denoted f7q(s/(2, C)ir), is the vector space 

C 

spanned by the dual basis (u*) = (XJ^ g^). It is also, by duality, a multiplier 
Hopf algebra and C/g(s/(2, C)]r) is included as an algebra in the multiplier algebra 

a 

M{Uq{sl{2,C)ti)). If n is the principal representation of {7g(sZ(2, C)]r), acting on V, 
it is possible to associate to it a unique representation n of Uq{sl{2, C)]r), acting on 

V, such that Il{X!;^){er) = bc^D^em- 

We define for all / element of Funcc{SLq{2, C)]r), the operator n(/) = II(n*) h{ui /). 
It is easy to show that n(/) is of finite rank and of finite corank. 

a 

The matrix elements of the representation n are the linear form on [/q(sZ(2, C)]r) 
which expression is: 



Ai m r 

Bj-2^[A D 

MD ^ 



M\fx 
X )\M 



, A^i^^(a)fc^0i?^ (184) 



We have a natural inclusion Funcc{SLq{2, C)ir) — > {Funcc{SLq{2, C)]r))* defined thanks 
to the Haar measure h on the quantum group (|l^) by: if / G Fun{SLq{2, C)) we have 
i(/)(a) = h{fa), Va S FuncciSLq{2,C)). l extends naturally to {Uq{sl{2,C)M.)* and we 

trivially have: H (/)g. =< t(G %),/> ■ 

If / is a function on §p, we will define fm to be the function defined by fm{p) = 
f{a{m,p)). We will denote 

— TV 

[ dia)fia)=Y^ Jl^ [''''dp fM- (185) 

The Plancherel formula can be written as: 

W e Funcc{SLq{2, Ch), II V' Ili2 = / d{a)V{a) tr( H (^"i) H (V^)(n (V'))^) 

where we have denoted V{m, p) = {q — q'^^)'^ [m + ip] [m — ip]. 
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A. 2 Tensor Product and Clebsch-Gordan maps. 

The aim of this section is to give exphcit formulae for the intertwiners (Clebsch-Gordan 

a P 7 

maps) between the representation n 11 and the representation n, in term of complex 
continuations of 6-j symbols of Uq{su{2)), where a, (3,^ belong to §p or to Si? . Let us 
recall that the tensor product of these representations decomposes as: 



a 13 

V O V 



a (3 

V O V 



a'+/3'.7'-=a'-+/3'' 

e 

'y' = \a'-(3'\, 7'- = |a'--/3'-| 



m=a ,n=a 



/3 



® 
® 



m=—a'' ,n 



{m,n)+/3 
V 



where a, (3 G Sj? 

aeSp , Pes, 
, a,/3,7 £§p , 



(186) 

(187) 
(188) 



where J„ 



{p G iZ, m + n + p G Z}. 



Let (a,/3,7) G S^, the intertwiner ^^^g :V O V — >V is defined in |l|] by: 



where the reduced elements 



Ck 



a (3 
Ai Bj 



efc (7) 

C,k 



A B\ 


'C 


a 


13' 


i 3 ) 


7 


A 


B 



(189) 



"c 


a 




7 







are defined by: 



'c 


a 


/3" 


7 




B 



B\e 



E 



(3^ a' 



7 



a + p J la a' 



C B 

J 



A 

+ p 



B 



V. 



7 a + p 



1/2 1/4^1/4 1/4 1/4 1/4 



1/2 1/4 1/4 1/4 1/4 



a'+p 



Vi{dar)vi{df^l 



(190) 



where vi is defined in the appendix of [14|, and is such that vi{x)'^ = 1 — q^^, and the 6j 
coefficients are of type 0, 1 or 3 depending on the nature of a, (3, 7 and their expressions 
are given in |14]. 
Remarks: 

1. Note that from the analysis of proposition p3, the only possible singularities of 
this expression appear when one of the numbers 2(x + 1, 2(3^ + 1, 27^ + 1 is an integer. We 
shall denote such a configuration special. This is explained from the fact that generically 

0/37 III 
dim Hom(V (8> V, V) = 1 except possibly for the case where 2a + 1,2/3 +1,27 -1-1 is 

an integer. A couple {a, (3) G is said to be of finite type if a or /? belongs to Sj?. Li 

this case, if 7 G S, A''^^ = dim Hom(V V, V) is zero or one dimensional. We denote 
by S{a,(3) the set of elements 7 G § such that A^^/j = 1- 
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2. The formula of the reduced element gives in particular for the special configuration 
where a = /? / (-i, -^), 7 = : ^'"^^ :V O V — > C with: 



<,a(e* (a)® ej (a)) 



/ 00 


a a \ / 


A B\ 


"0 


a a 


Vo 


Ai Bj) ~ [0 


i 3 ) 





A B 



(191) 



where the reduced element 



"0 


a 


a 







A 


B 


is 



is defined as: 



"0 


a 


a 





A 


B 



3. Let (a,/3, 7) G S^, we can define the intertwiner 



(192) 



which is the intertwiner that we used in our previous work |14]. 

The new normalisation is such that when a,/3, 7 G Si? the following proposition 
holds. 

I I f r 

Proposition 22 . Let I G 'Bp, the module V decomposes as Y=V ^ V according to 

the isomorphism, Uq(s/(2, C)]r) = ilg(s/(2)) iig{sl{2)). The basis Cj (I) defined by 



(174)(17i) is expressed as 



(/) 



t u 

P r 



. 1 v^ivfrVj^'' et Cu . 



(193) 



The expression of the ilg(sZ(2, C)k) intertwiner ^fj = ^^iji ® ^frjr R in this basis 
exactly given by the formulas ({18!^p9^ ). 



c 



IS 

Proof: Trivial computation. □ 

We win denote by (V)" the restricted dual of V defined as {yY* = 0c,c-|a'-a'-|GN(^)* 

a 

It is endowed with a structure of Uq{sl{2,C)^) module and the two modules (V)^* and 

a 

V are isomorphic from remark 2. 



Similarly we can define for (q,/3,7) G and {A,B,C) G ^Z^, 



'A B 


7" 


a (3 


C 



c Y 



7 



a'- + p j \ a^' a' 



C B 



A ) (B 

+ p \ \ Y a' + P 



1/2 1/4,1/4 1/4 1/4 

1/2 1/4 1/4 1/4 1/4 1/4'' ^ T773 \7~73~^-^^^^ 



^'a'- V^i V^r Vjj 



iyi{dar)ui{dpi 
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We endow (V " V ")* with the structure of Ug{sl{2, C)m.) module such that the 

a f3 a 

natural inclusion V ® (V V ''*)* is an interwiner. As a result we can define 



for a, /3, 7 G § the intertwiner ^^^''^ :V — > (V ® V 



A,i;B,j 



A 



J2 {^i («) <^ e,- (/?)) 



7 







"A 5 


7 


\A B 




a 13 





(195) 



Note that it is only in the case where (a, (3) is of finite type that the sum is finite, 

and in that case is an intertwiner from V to V tX" V • 

The normalization of the intertwiners has been chosen in order to have the following 
orthogonality relations: if (a, (3) is of finite type, wc have 



7eS(a,/3) 

Proposition 23 The reduced element satisfy the following symmetries: 



(196) 
(197) 



'c 


a (3 


7 


A B 


'C 


a f3 


7 


A B 


'C 


a (3 


7 


A B 



'B 


A 


7 


./5 


a 


C 


'A 


B 


7 


a 




C 



^a'^W-J^-Y J-^iC-A+a-f) [dAl^'^lid.y) 



'A 


7 


P' 


a 


C 


B 



(198) 
(199) 

(200) 



Proof: Left to the reader. □ 

The following proposition precises the nature of the singularities of in the 

variables g*^" , g*^" , g*^T . Let a, /3, 7 G S we denote 

J^\mc,+mB+m^^i^{^Pa+iP|3 + ^Py + 'i--\ma + mfj + m^\)) (201) 



'?(a,/3,7) 

C{a,P,l) = ?(a,/3,7)<j(a,/3,7)<j(a,^,7)?(a,/3,7) 
Note that q{a,P,j) = ^{a,P,j). 

Ic 

Proposition 24 The reduced elements 

11 

'C' 

7 



(202) 



a (3 
A B 



satisfies the property: 



a (3 
A B 



i^{a+/3-7) _ C(«,/3,7)^l(27' + 1)^1(27'' + 1) pABC ( rp, ^p... 

(203) 



where Pm^mpm^ « polynomial. 
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Proof: This property comes from a careful study of the expression of the reduced 
element in term of 6j(l) and 6j(3) given by (|19C| ). First of all from the expression 
of the 6j, the square roots can only be of the form + n), where n £ Z and z G 
{2a' + 1, 2/3' + 1, 2V + 1, e«a' + + e^V} with e„, e^, G {1, -1}. 

We first study the behaviour in (3 and 7. It is easy to see from the explicit definition 
of the 6j(3) (given in [ij]) that the behaviour in /3 and in 7 is of the form 

.,(27' + 1)^1(27- + 1) 

i.(^)(/3)i/(C)(7) ^^"'^'^^ 

with U having no singularities in /?' +n, 7' + n. Using the first and second relation of the 
previous proposition, we can exchange the role of a and /3. This explains the behaviour 

^i(27'+l)i.i(27'-+l) 

We now analyze how it depends on the variable Pa + + P-y- From the expres- 
sion of the 6j given in (fl^), we obtain that the reduced element can be expressed as 
i\3itM"'ilo-\ Ria, (3, 7) where R(a, (3, 7) has no singularities in a' + + 7' + n as well 

as ''°°/" ^'^frl^r'^nl T(a, (3, 7) where r(a,/3, 7) has no singularities in a' + + 7' + n. 
In order to prove this we just expand the 6j using its definition and the trivial sym- 
metries of the 6j. As a result when rria + mp + > 0, i!*^^; ^2) ~ 
and we obtain the announced result. In the case where -|- -|- < we use the 
other behaviour. This analysis therefore implies that the reduced element is equal to 
?(a, (3, "f)S{a, f3, 7) with S regular in a' -|- -|- 7' -|- n. The analysis for the combination 
a' -|- — 7' is similar. Indeed it is easy to show using only the definition of the 6j and 
a trivial symmetry that the behaviour is of the form U {a, (3, 7) with U 

regular in a' -|- /?' — 7' -|- n. If ma + mi3 — niy > then we obtain the announced behaviour 
?(a, f3, 7), if not we use the first two relations of the previous formula to exchange a, f3, 7 
with (3, a, 7, and we are back to the situation ma + m^ — m^y > 0. The other combination 
-a' + + 7' is deduced from the previous analysis by using the third relation of the 
previous proposition. Finally the combination a' — /3'-|-7' is obtained using the exchange 
of the role of a and /?. This completes the proof. □ 

In 1 14] we introduced a function M : Sp — > R"*", as follows: 

(1 _ q2'j^i'-^2^q2{m.a+mi3+m.j) 



C{dar,dl3r,dyr) ^ ^^^^^ 



' ^ (a'- + Z?-^ + 7^ + 2 , a'^ + Z?'- + 7'- + 2 , a*- + ^'^ + 7*^ + 2 , a'- + Z?'- + 7'^ + 2 ) 
This function is such that the intertwiner: 

a 13 f® 

:V «) / djM 
f w 1-^ (7 M(a,/3, 7)5^2^(1; (g) w)) 

is an isometry. 
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A. 3 Miscellaneous properties 

Proposition 25 Let I = (/ , I^) E S^? indexing the finite- dimensional representation n 
of Uq{sl{2,C)^). The star acts on the elements of SL g{2,C)^ as: 



III 

WGW~ 



(205) 



where we have defined W' 



Aa _ A-kA „ -1/2 ,4 



Bb 



Wab Ofi 



6i. 



Proof: From the expression of the matrix element of the representation (184), we have 
I 



■^Ai 
3j 



E 



MD 

Then the star acts as: 



f m r 


M\ 


/ X 


\A D 


X J 





s J 



Kb {I) k'm®K. 



MD 



( m r 


M\ 


f X 


\A D 


X J 





D B 

s 3 



D 



Using the relations 



s-\kT) 



^-1 mu ^ 
W ku , 



(206) 
(207) 



a straigtforward computation implies 

I A, . _i /o A i 



>,Ai * 
3j 



ittA -1/2 



□ 



Proposition 26 The star acts on the elements of Uq{sl{2^C)^) as: 



(208) 



Proof: By definition, iS^^l = {U ®id)(M(=^))^^, then 



where we have denoted M = Yli^i ® Hi- The previous proposition and the relation 
I^{±) ^ m(±)-i = {S(g) id){R) imply ( p08|) . A similar proof imphes as well: 



□ 
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It is also immediate to note that the R-matrix and the ribbon-element fi satisfy the 
relations: 



IJ I J IJ I , J , 



I 



III 
W f^W 



(209) 
(210) 



In order to define the star on the moduli algebra, we also need the following propo- 
sition: 

Proposition 27 The complex conjugates of the Clehsch-Gordan maps of Uq{sl{2,C)^) 
satisfy: 



K 



where we have defined 



1/2 1/2 1/2 



1/2 1/2 1/2 



(211) 
(212) 

(213) 



for I,J,K e Sf- 



Proof: We will give the proof of the first relation, the other one is similar. is an 

intertwiner and then for x G C/g(s/(2, C)ir) we have 

n(x(i))®n(x(2)) = ^>i^ nix) . 

We take the complex-conjugate of the previous equation and an easy computation leads 
to: 



J 



K 



n(xn))®n(x(2)) = $^^n( 



K 



n (5-^3^(2))) » n (s-i(xfi))) = n (s-Hx*)) 



11) 



IJ 



K 



IJ 



K K 



n (a;(i))® n (x(2)) (M^^ W~^(^ w^^ ^^ji w) = (M"^ w~^® w) n (x) 



K I 



As Hom(V; V ® V) is at most one dimensional, there exists G C such that: 



J IJ 



K 



Let us show that is given by the expression (|213| ). We have 



B. 



:,IJ\ 



c 


'A 


B 


K 


efc > = 


I 


J 


C 



I J 

A B 
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and a direct calculation shows that 



J IJ 



<e® e^W ®w 



^Ai W^Bm Ran B'p <^ ® | 6^ >T^, 

E 



■ICr 



'A 


B' 


K 


^i-K(A+B-C) 


( i 3 




I 


J 


C 




\A B 





(using the expressions of R and <I>) 



B'MN 



c 


""I 




C 


B'] 


Vjr 


J' 


Nj 




J'- 


Nj 


VN 



1/2,1/2 v^^V^* v^'^ 

A % J-k(A+B-C) ^K^ V' ^A ^B' 
1/4 



1/4 1/4 



A C 



B' 
M 



.r c 



M 



P N 

jr jr 



V. 



c 



V 



1/4 1/4 1/4 1/4 



Vj'l Vjr Vji 



A 



E 

M 



E 

M 



A C 



B 
M 



P C 



M 



P M 

jr jr 



A 



1/2 1/4 1/4 1/4 1/4 1/4 
^/ < ^/ ^/ ^iMA+B-C) 



V 



1/2 1/4 1/4 1/4 1/4 



M 

A C 

r P 



V 



B 

B 
M 



« 3 
A B 



1/2 1/2 / . . 

'^ir Vn ( ^ 3 

,1/2 1/2 \A B 



r c 



M 



r M 

p p 



A 



(using orthogonality on 6j{0)) 
using Yang-Baxter equation) 



V 



1/4^ 1/4 ^1/2 ^1/4 1/4 1/4 



B 



V 



'^6 '"m ^J" '"J" '^A-' in(A+B-C) 
1/4 1/2 1/4 1/4 1/4 



Vjl Vji Vj'i Vj^r 



« 3 

A B 



As a result, from the defining relation of the reduced element given in the appendix A. 2, 
one obtains the announced value ( ^131) for Aj^. □ 

The 6j-symbols of C/q(s/(2, C)ir) when it includes at least a finite-dimensional rep- 
resentation are easily defined and are expressed as a product of two continuations of 
6j-symbols of Uq{su{2)). 

I a /3 7 

Definition 10 Let I G §>p, a, (3,^ G S, the space of intertwiners Hom(V ^ V ® V, V) is 
a finite dimensional space of dimension at most dim V . The non zero elements ^^/^^'/q, 

with a' E S(I, a) form a basis of this space. The intertwiner ^/^/^^^ with 7' G §(1,7) 
can be expressed in this basis and the components are the 6j coefficients 0/ C/g(s/(2, C)]r) 
when it includes at least a finite- dimensional representation: 



E 

a'e§(/,a) 



/ a 

P 7 



(214) 
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Proposition 28 These Qj-symhols of Ug{sl{2,C)^) are expressed as a product of two 
continuations of 6j-symbols of Uq{su{2)): 



I K 
J L 

I K 

I a 

(3 7 



M 
N 

M 
P' 

a' 

i 





1 




\ r 












J'" 




(0) 
















f5"\ 











a 



(3) 



r a' 



a 



7 



(215) 
(216) 
(217) 



(3) 



where I , J, K, L, M, N G S^? and a, /?, 7, a', /?', 7', G S with the constraint that 
Px' with X = a, (3, (3' , 7. 



Proof: The first relation ( pi 51) is a trivial application of proposition 22. The two other 
relations follows from standard continuation arguments. □ 

a 

Proposition 29 LetH be an irreducible unitary representation ofUq{sl{2,C)^), labelled 
by the couple a £Sp. The explicit formula for -dja where I £ §f is 



^Ic 



[(2/' + l)(2a' + 1)] [{2r + l){2a'- + 1)] 



[2a' + 1] 



[2a^ + 1] 



(218) 



Proof: 



I la al ^ r — / . la. „ '^^r'^ Au 

tr/(^MM)g^ = 2^ pZ mtcd WjcZ 



. ^ A 



AFG 



f c a 






\C A 







b d 
A C 







9 J 





A C 
b d 

C A 
c a 



Ar(/) 



AF 



Prom the linear relation (101) of |T^, we deduce the following relation (when one 
takes A = D and sums over C): 



E\MN (^\>,AN (T\\j 1 _ [(^-^^ + 1)(2q' + 1)] ]\I''C( 
J^A WHi {^)[dN\ - ^ 2^[«cJAa ( 



MN 

As a result, we have 

/ la al 



1/2 1/2 



c 



V. 



1/2 
c 



triifJ' 



[(2/' + l)(2a' + l)] 1 ^ jr^ 



1/2 1/2 

Vfj Vjr 

,1/2 
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Ai 



a 



-lAi 
Bj 



a 



Ai 



Bj 



W 



Ai 
Bj 



Figure 8: Pictorial representation. 



From the lemma 6 of [12|, we finally have 



1 



A 



[a 



1/2 1/2 

"'jr 



1/2 



[(2F + l)(2a'- + l)] 
[2a'- + 1] 



□ 



Definition 11 Let A,B,C,D elements ofSp, q G S, and s £ S we define 

C 



A^g(a,s) 



a + s a 



A 

a + 1 



B C 

a + s a 



D 

a + t 



1/4 1/4 
Va+tVA '^D 



1/2 1/2 



(219) 



(220) 
(221) 



Appendix B: Graphical proofs 

This appendix is devoted to technical parts of the article that are proved using graphical 
methods. We need first to introduce our conventions on the graphical description of 
intertwiners of Uq{sl{2,C)^) which are summarized in figure 

B.l The p-punctured sphere 

We will present in this subsection an explicit expression of the function K[ 

in terms of 6j symbols. We have used a pictorial representation of this function in the 
case p = 4. The case of p-punctures is a straighforward generalisation. This enables 
us to give an explicit expression for the general case which is described in the following 
proposition. We need to introduce new functions at this stage. If P is the palette 
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Figure 9: Iterative decomposition of K^^^p ■ 



P = (IJNKLUTW), with I = J = K = L = ^m. the p-punctured sphere case, 
we denote P{i) the quintuplet (iVi, C/^, [7^+1, Tj, Ti+i). Let Q = {N,U,U' ,T,T') G 
a, P, (3' G §, s, t, s', t' G 5, we define the function: 



(±) 



a 
A/3' 



1/2 1/2 



1/2 1/2 



. . , 1/2 V 1/2 1/2 1/2 1/2 . 



a (3'+b 

T N 
fj' + s' P'+t' 



P+t\(T P+s 
p' j\a P'+b 

r 

p'+d 



p+t^^ N a 

P'+c] \p+s p'+d 

N p'+c P'+d 
T P'+t' P'+b 



N U 
P' P'+t' 



a+a \ ( N a 
P'+c J \P+s P'+d 



U' 
P'+b 

a+a 
P'+s' 

(222 



Proposition 30 The following identity holds: 

p 



■(±) 

0,p 



a 
P,s 



[d- 



tg5P+l i=l 
l=*2.'p+l = (0,0) 



ai 

PiiPi+l 



(223) 



where t £ ^ and we have used the following conventions: si = S2 = (0,0), Ui = 
Ti = (0, 0), U2=T2 = Ni, Pi = (0, 0), P2 = ai, pp = ap, Pp+i = (0, 0), Sp = (0, 0) and 
Up+i = Tp+i = W. 

Proof: To prove this identity, we first prove it in the case where ai, /^a, ...,/?„_i G 



a 



is represented by the graph in figure ^ this graph is recasted in the 



^F.K.^p y 

graph shown in picture ^ after having used orthogonahty relations: we have made a 
summation on the coloring Pi + ti of the lines crossing a box. This graph clearly shows 
an iterative structure, where the generic element is represented by the picture lin. The 



value of this elementary graph is K, ^^-^ 



til 



Ui 
Pi, Pi+1 

terms of 6j coefficients. The proof of the proposition when ai 
straighforward from continuation argument. □ 



and is easily expressed in 
ap,P3, ...,Pp-i G S is 
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Figure 10: Elementary block in the p-punctured case. 




A Uq{sl{2,C)M.) palette P is equivalent to a couple of two Uq{sl{2)) palettes de- 

noted {P\P''). It is trivial to show that K ( ^ ^ j (^^sp. K ( ^ ^ 

depends only on the variables a\l3\s^ (resp. , (3^' , s^). We can therefore define 
(^'•°)(±) f a \ 

= K Qp I ^ j and similarly for the right variables. From the 
proposition (|28| ) the following factorisation property is satisfied: 

^•s ( ) -A^? ( ) a? ( ) ■ 

The proof of the unitarity of the representation of the moduli algebra uses as central 
tools the following proposition. 

P(±) f a \ 

Proposition 31 The functions K^p I ^ j satisfy the symmetries: 



o.p V As ) V P + s 



-s 



^- ^ti ( j3~-s ) " ^0'P[«'^'^] ( p^s ' "^'^^ V'o,p[«,/3,s] G {+1,-1}- 
Proof: The first property is a simple consequence of the following facts: q is real, 



fp(z) = t'p(-z), the explicit expression oiK^^p ^ ^'^^ j in terms of 6j and vy^v]J'^v^]Jp 

1/2 1/2 -1/2 -n r _L ^ f\T 



1/2 1/2 -1/2 

To prove the second relation, we first notice that it is equivalent to prove the relation: 



P{±)( a \ Ho,p[a,/3] _ ^(t) ( ol 5o,p[a, /3 + g] So,p[a, /?]Ho,p[a, /3] 



^O'^' \ii.s) Ho,p[a, /? + ^O'P V + y Ho,p[a, /3] Ho,p[a, /3 + s]Ho,p[a, /3 + s] 
f (T) « \ So,p[d,/3 + s] Ho,p[a,/3]^ 

°'H/3 + s~,-sV Ho,p[a,/3] Ho,p[a,/3 + s]2 ^ ^ 
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which is an identity on rational functions in q^P°'i , ^ q^PPz ^ ...^q^'^p-^ . As a result, 
using the standard continuation argument, it is sufficient to show the second relation 

P(+) ( a \ 

when Op, /Ja, /3p_3 G Si?. K^p ( ^ ^ 1 is represented by the picture () which 

is the same, after topological moves, as the left graph (figure ^). This graph, after a 
flip, is equal to the right graph (figure The value of this graph is equal to the value 

IJ , , iJ , , 

of the graph pictured in figure (O), because of the property M =R ^ This last 



graph is equal to K\ ^ \ 7, ~ ~ \ ■ This ends the proof of the second property. 

\ P + s, -s J 

The third property follows from a detailed computation making use of the explicit 



expression of Kq p \ ^ J in terms of 6j. Using the symmetries of the 6j proved in 

. shi 

^-(^-^'+^-^'+^-^'Vo,p(a,/3,/3',^,/)^(^) 



[|14[ , a direct computation show that: 
-t,-t' 



e 



a 
13,13' 



t,t' 
s, s' 
(226) 



with 



It is easy to show that the selection rules imply that ip{a, (3, (3' , s, s') £ {+1,-1}. As a 
result we obtain the third property with 

p 

^p[a,(3,s] = JJ-0o,p(aj, A, (228) 

i=l 
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B.2 The genus-n surface 

Like the previous subsection, we will present in this one an explicit expression of the 

function o { \ \ p + ) terms of 6j symbols. We have used a pictorial rep- 

resentation of this function in the case n = 3 (the case n = 2 being degenerate) . The 
case of arbitrary genus n is a straighforward generalisation. We need to introduce new 
functions at this stage. 

If P is the palette P = (IJNKLUTW), with AT = for the genus-n case, we denote 
P{i) the 8-uplet {h,,h,K,,L,,U,,U^+i,T„Ti+i). If/' = (/^,-- - G S^'^, we 

denote //'(i) = {hJ[J[^^. Let Q = {I, J, K, L,U,U' ,T,T') € S^, Q' = {I,J,K) G S|, 
A, a, a' , r, r' G § and £, s, s', t, t' , a, b, b', c, c' G S, we define the functions: 



/C 



T 



b',c 
L a, 6, c 



±1 



1/2 1/2 1/2 



/ [/' T + t 

t'+c' 

T L 
\+a \+z 

X \+l 
T'+d T+b 



1/2 1/2 1/2 1/2 1/2 1/2 




,,3/2 
'\+y 



1/2 



(229) 
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(1) 



(2) 



r' 

A,T 



t',b' 
i, a, b 



1/2 1/2 1/2 1/2 
Vr' Vj^ 

■ Z-,- 1/2 1/2 1/2 

xe5 V ^T+a;^J 



K T 

A t' + 5' 

a' 
A, fj 

J / 

A+a A+x 



/ J 

T T + X 
1/2 



K 

T + b 



V 



'x+x \ K A+a 



1/2 1/2 1 (J /t'+s' 



K 1 fj 

A+/ J A+/ 



CJ + S 

A+x 



/ A 

r' + 6' r+6 



A+a 

T + X 



(230) 



(231) 



Proposition 32 The following identity holds: 



K 



(±) 



[d 



w\ 



"'0 V A,(j,r;£,s,t 



where we have defined the functions 



(1) / z^; A; \ j^'(2) / /c 
^^"'0 I A,r;^,t,a,& j ^^"'O I A,a;^,s 



(232) 



A, r; a, b 
^^"'0 I A,r;^,t,a,6 



P(i) 



(2) 
n,0 



A, cr; ^, s 



?5 

i=l 

n 

i=l 



(±) / n+i 



Aj, Tj 

7"j+i 



^j+l, Cj+l 



Aj, cTj 



ii+l5 ^j+1 



(233) 
(234) 
(235) 

/n the sums, a = (ai, • • • ,a„) E 5", 6 = (62, • • • , K+i) G 5", c = (c2, • • • , c„+i) G 5"-"^ 
and we impose: r„+i = an+i = k,, T2 = a2 = Xi, ti = ai = (0,0), Ui = Ti = (0,0), 
U2 = K2, T2 = L2, I'2 = h and Un+i = Tn+i = W. 



Si+l 



Proof: To prove this identity, we first prove it in the case where k, X,a,T G 



3n— 3 



k: 



(±) 



^ Q 1 . „ + ) is represented by the graph in figure ^ This graph is recasted in 
' \ A, o', I, s,t J 

the graph shown in pictures [l^jlj after having used topological moves and orthogonahty 
relations: we have made a summation on all the coloring of the lines crossing a box. This 
graph clearly decomposes into three parts and each part shows an iterative structure 
whose generic elements are represented by the picture 



The value of each elementary graph is respectively K, ( T*^^ 

Ai, Tj 



&i+l, Q+i 



T«f ) and T f r-^^ 

V Aj,ri Ei,ti,ai,bi J \ \i,(Ti 



Si+l 



. It is easily expressed in 
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Figure 13: The first part of the decomposition. 




terms of 6j coefficients which explains the definitions (22£, 230 ,231). The proof of the 
proposition when K,X,a,T E S"~^ is straighforward from the continuation argument. □ 
Using the same argument and the same definitions as in the p-punctured case, the 
fohowing factorisation property is also satisfied: 

(236) 

The proof of unitarity of the representation of the moduli algebra uses as central 
tools the following proposition. 

Proposition 33 The functions k\ o ( ;^ '. £ ^ ) s^^^-*/?/ symmetries: 



« P(±)( K,k \ ^ jd^[d^ ( k + k,-k 

^"'0 V X,a,T;£,s,t J l^x+A [d^] ^«.o ^ \ + 1, a + s,f + i; -i, -s, -i 

( A,2,lf-f ) =*...o[..A,...;t,f,,.<l /?s ( ^ ) 

with ipn,o[K, A, a, r; k, i, s, t] £ {+1, — !}• 

Proof: The proof of the first property is the same as the p-punctured case. The 
third property is also proved along similar lines. The only property which is drastically 
different from the p-puncture case is the second one. Indeed, contrary to the p-puncture 
case, it cannot be reduced to topological moves on graphs. To prove the second relation, 
we first use the standard continuation argument so that it is sufficient to show the same 
relation when k. A, a, r G S'^^^. 

The idea of this proof is to decompose the previous graph in different units which 
satisfy the required property. We will perform it in the case n = 2. This proof can 
be generalised for an arbitrary genus n. Let P = {Ii, I2, Ji, J2, Ki, K2, Li, L2,W) the 
palette associated to the genus n = 2; we also introduce S = {Si, S2) G and M £ Sp] 
finally we denote the quadruplet PS{i) = {li, Ji, Lj, Si), for i £ {1, 2}. Let us define new 

S{i) P,S,M f K-k \ P,S,M 

functions £ {\i;ti), C ( ^ j ^ ^ respectively by the graphic expressions 

given in the figures IG, 17, 0- 



Proposition 34 The previous functions satisfy the properties: 
1. |(A; i) =|(A + £; -I) for any S £ \ £ ^ and i £ S 



for any P, S £ §f, ^ ^ , k £ §, £ £ and k £ S . 
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S{z) 

Figure 16: Definition of S (Aj,4)- 





P,S,M P,S,M,^ 

Figure 18: Definition of V ■ The expression of V ^ ' is obtained after having 
turned all overcrossing into undercrossing but not those which permute the representa- 
tions {Li,K2) and (Li,L2). 
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Proof: The first point is straigthforward when we evaluate the exphcit expression of 
the graph IC. Indeed, by a direct manipulation, we show that: 



PSU) 



,1/2 



11/2 



[d 



where A'j'g'{Xi + Aj) have already been introduced in the appendix A.l. and satisfies 
the required property. 

The second point is more technical and it is proved in two steps. On one hand, after 
moves on the graph |l^, described in figure 20 , we obtain the identity: 



P.S,M 

C 



1/2 



1/2 

T7^^MA^'(^1'^2) C 



P,S,M / fi + k;-k 



X + i;-£ J [dx^+ei][dx2+e2] K] 



P,5,M 

On the other hand, we can evaluate the expression of J) ' ' in term of 6j coefficients 



P.S,M 

V 



1/2 1/2 1/2 1/2 
^Li 



(+) 



X ^ 



1/2 1/2 



jAh+l2-Ki-K2) 



[d,jV2[d,,]l/2 



Li Ji 
Li 

1/2 1/2 1/2 



Si 

w 



M Si 
L2 J2 



S2 
X 



K2 Ki 
Ji X 



W 
h 



h K2 
J2 M 



X 
h 



= ^^1^/1 ^52 ^^^iI,+J2+M-K2-2W) [dw][dK2Y'^ 



1/2 1/2 1/2 
^Ll ^J2 ^Ji 



[di,Yl^[dj,Y/^[dMYl^ 



Li W 
K2 X 



L2 
Ki 



Ji Ki 
X Si 



h 
Li 



h h 
Si S2 



M 
X 



h S2 
L2 K2 



X 
J2 



(237) 



(238) 



and we can easily show that: 



L^'^J A-^^SwT T \ _ 'jj (t) 

l/2^^MN l-'l'-'2j — 



M 



(239) 



As a consequence, the second relation holds. □ 

We are now ready to perform the proof of the second symmetry relation of the 



proposition The graphical expression of K2 



is obtained directly from the 



V 

picture ^. After some trivial topological moves, we introduce orthogonality relations 
and we show that (figure p!9| ) : 



(±) 
2,0 



X:£ 



E 

Si,S2,M 



PS{1) PS{2) P,S,M 

£ (Ai,£i) £ {X2,l2) e 



K,k \ P,s,M 



X;£ 



V 



(±) 



(240) 



Finally, the symmetry relation is a direct consequence of the proposition 34. The struc- 
ture of the proof is similar for the general case n > 2. □ 
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2+h 



K+k 



Fi gure 19: Decomposition of K2 q ■ 



B.l The p-punctured genus-n surface 

In this appendix, we will give the technical details concerning the proof of unitarity in 
the case of a p-punctured genus-n surface. In the following, we will extensively study the 
one puncture torus and we will give the properties for the general case without giving 
the cumbersome proves. 



The function Ki / 
tries: 



1. K\-'^ 



•(±) 



a 



--K 



a 



(±) 
1.1 



, defined by the graph (|^), satisfy the following symme- 



a 



2. a? 



3. 



(±) 



a 

X]i 
a 



a 

X + i; -e 



Ma,X,e)K[^^ 



' ' A; 

with Vi,i(a, A, £) G {+1, -1}. 



Q 

X;£ 



The first and the third properties are proved in the same spirit as in the previous cases. 
The proof of the second property cannot be reduced to topological moves on graphs. 
This property is proved along similar lines as we proved the genus 2 case. 

After topological moves, we decompose the graph in different units, by using orthog- 
onality relations, as follows (figure |2l|) : 



(±) 



Q 

X;£ 



E 

S,AI&F 



PS P,S,AI 

£ {X;£) C 



a 

x-j 



P,S,M 

V 



(±) 



(241) 



where P = {I, J, N, K, L, W) G ^% is the palette and PS = (/, J, L, S) G S^.We show 



that these functions satisfies the similar properties as in the proposition |3^. As a result, 

Pi 



(±) 



a 



'1 ^ A;^ 
for the one-punctured torus. 



satisfy the required symmetry relation. This closes the proof of unitarity 



For the general case, the function Kn,p 



a 



(3, A, a, T, 6; b, i, s, t, d 



is obtained from 



the graph in figure 22 where we can notice an obvious iterative structure. 
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Figure 20: This sequence of graphs shows the main Unes of proof of the symmetry 
relation 237. All the representations are supposed to be finite. To obtain the final 
result, we have to introduce two orthogonality relations between (Ii, I2) and {Si, S2) in 
the last picture. The obtained graph decomposes in a graph similar to the first one and 
a residual graph whose value is given in 237 . 
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Figure 21: Expression of K\i after topological moves and introducing orthogonality 

PS P,S,M 
relations. The first unit on the top is £ (A;£); the second on the top is C ; the last 

P,S,M 

one on the box is T> ■ 
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This function satisfy the usual symmetry relations which are central to prove uni- 
tarity of the moduli algebra: 

P(±) f a \ 

Proposition 35 The function Kn v \ r, ^ c- r /, , r satisfy the relations: 

V P,'^,o-,T,^'ib,i,s,t,d J 



?A^) ( " ^ =^(±) f _ _ _ _ 5 

(3,X,a,T,S;b,i,,s,t,d J ^'^ \ (3, X,a,T, 6;b,£, , s,t,d 



^ \ (3,X,a,T,6;b,e,,s,t,d J [-^A+d [dr„+i\ 

tA^) ( . . . . , , , 

[5 + b,X + l,a + s,f + t,~6 + d;-b, -s, -i, -d, 



X Kn,p 



^(±) f Oi \ 

3. ^n,P^^,A,a,r,^,;-6:-£,-.,-t,-d J = ^n>, /?, A, a, r, 6, d) 
Pi^\ f a \ 

X Kn,p ( i3XaT5-b£std J' V'n,p(a, /5, A, cr, r, 5, s, t, d) G {+1,-1}. 

This proposition is proved along the same lines as the corresponding proposition for the 
genus-n case. □ 
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